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Abstract 

The paper introduces the notion of a locally coalgebra-Galois extension and, as its 
special case, a locally cleft extension, generalising concepts from |'9|. The neces¬ 
sary and sufficient conditions for a locally coalgebra-Galois extension to be a 
(global) coalgebra-Galois extension are stated. As an important special case, it 
is proven, that under not very restrictive conditions the gluing of two locally 
cleft extensions is a globally coalgebra-Galois extension. As an example, the 
quantum lens space of positive charge is constructed by gluing of two quan¬ 
tum solid tori. 


1 Introduction 

Constructing new topological spaces by gluing together several known ones, or 
studying the properties of a given space by presenting it as a patching of topolog¬ 
ical spaces of a simpler structure, is the standard method in the classical topology 
which was frequently adapted to the noncommutative geometry. Examples in¬ 
clude the quantum real projective sphere ((13|), and the Podles sphere (defined 
in l20! . it was proven in l22l and IT^ that it is C*-isomorphic with gluing of two 
quantum discs), the Matsumoto sphere and the quantum lens space ((T6| and ITTI ). 

The basic idea about covering quantum spaces by quantum subsets stems from 
the observation that an ideal of the algebra of functions on a given quantum space 
can be interpreted as consisting of those functions, which assume the value zero on 
some quantum subset. Then the quotient algebra can be viewed as the algebra of 
functions on this quantum subset. 

Suppose that the algebra of functions on some quantum space has a family of 
ideals, which infersect at zero. Dually it means that the corresponding quantum 
subsets cover the whole of quanfum space. 

The covering and gluing of C*-algebras and the notion of a locally trivial quan¬ 
tum principal bundles in the context of C*-algebras were introduced in |(7|. The 
purely algebraic theory of covering and gluing of algebras and differential alge¬ 
bras was presented in |8|, which was followed by the purely algebraic definition 
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of locally trivial quantum principal bundles in |'9|. An example ot a locally trivial 
principal bundle was produced in |9'| and further elaborated in II12II . The theory 
resembling locally cleft extensions, based on sheaf theory was independently de¬ 
veloped in l[T9ll . 

In what follows we introduce the concept of locally coalgebra-Galois extensions 
which, without going into technical details, are the algebras and comodules which 
have covers such that each of the quotient spaces are coalgebra-Galois extensions. 
Of a particular interest are the conditions which ensure that a locally coalgebra- 
Galois extension is a (global) coalgebra-Galois extension. Later we concentrate on 
the special case, in which all the quotient spaces of the cover of a locally Galois 
extension are cleft, which can be considered as the natural generalisation of locally 
trivial quantum principal bundles introduced in |9|. 


2 Basic definitions and notation 

We work over the general commutative ring K. 

Categories of modules and comodules. Let C and H be coalgebras, and A and 
B algebras. We denote by AIb/ a-Mb, etc, respec¬ 

tively, the category ot left A-modules, right B-modules, left H-comodules, right 
C-comodules, (A, B)-bimodules, (H,C)-bicomodules, left A-modules and right C- 
comodules such that the C-coaction commutes with the A-action, etc. Unadorned 
A4 will denote category of K-modules. All algebraic objects considered belong to 
this category. 

Comultiplication, coaction and the Sweedler notation. Suppose C and H are 

coalgebras, M G and N G At*'. We denote the comultiplication by A : C —> 
C (g) C, the left H-coaction by : M ^ H 0 M, the right C-coaction by p^ : N ^ 
N 0C. Occasionally, to avoid confusion, we indicate the module being coacted on, 
writing for p*- : N —> N 0 C, and similarly for left coactions. We also use the 
Sweedler notation: A(c) = Cq) 0 Cqp ^p(m) = 0 ?«(o)/ P^i^) = ^(o) ® nq) for 

all c G C, m G M, n E N, and the summation is implicitly understood. 

Antipodes, counits and units. Let C be a coalgebra. We denote by : C ^ K 
the counit of C. If there is no danger of confusion, we write e for e^. If C is a Hopf 
algebra, then the antipode of C is denoted by S : C ^ C. If A is an algebra, in 
most cases we use the symbol 1a or simply 1 for the unit of A. Occasionally, we 
may need to write the unit explicitly as a map y \ "K ^ A, k ^ kl a- Whenever it 
does not cause any ambiguity, we identify in notation the ground ring K with the 
subalgebra Kl^ of A, i.e., depending on context, for any G K, fc may mean also 
klA tor some algebra A. 

Entwining structures Let C be a coalgebra and A an algebra. Entwining struc¬ 
tures were introduced in [5] as a very general way of linking algebra structure on 
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A and coalgebra structure on C. A good introduction to entwining strtuctures can 
be found in |i6 |. Throughout this paper by entwining map we mean a right-right 
version xp : C®A —> A®C, the corresponding entwining structure is denoted 

{AXh- 

We use the following summation notation for an entwining map ip: 

xp(c ® fl) — Uoc® , for all c G C, G A, 

where small Greek letters are used for implicit summation indices. 

With this summation notation, the bow-tie diagram condition (cf. [I6J) can be 
explicitly written as 

la ® c“ = 1 ® C, 
actfid"') = at^{c), 

{aa')oi ®d = aocu'^ ® 
aoc ® d(^i) ® c“(2) = ® C(1)“ (g) C(2)^ 

for all a, a' e A, c e C. 

Let (A, C)^ be an entwining structure, and let P be an algebra and an (A, C),^- 
entwined module. An algebra extension B C P is called an {A, C)^-extension if 
and only if B = P™*-. Of particular interests are (A, C)ip-extensions B C A. Such 
extensions are denoted by A(B,C,xp). In this case, if there exists a grouplike ele¬ 
ment e G C such that, for all a e A, p^{a) — ip{e ® a) then Ae(B, C, xp) is called an 
e-copointed (A, C),^-extension. 

The canonical map and quantum principal bundles Suppose that C is a coalge¬ 
bra and P is an algebra and a right C-comodule. Let B = P'^^^ be a subalgebra of 
coinvariants of right C-coaction. To set the notation we recall the definition of the 
canonical map, 

canp : P ®B P ^ P ® C, p ®b p' ^ PP'(O) ® p'ii)- 

If the canonical map is a bijection then P(B)^ is called a C-coalgebra Galois exten¬ 
sion of B. If, in addition C is a Hopf algebra and P is a C-comodule algebra, then 
P(B)^ is called a C-Hopf Galois extension. We recall the definition of the transla¬ 
tion map, 

Tp : C ^ P ®B P, c i-^ (canp)"^(l ® c), 

for all c G C. We use an explicit 'Sweedler like' notation for the translation map, 

Tp (c) = ®B for all c G C, 

where an implicit summation is understood. The translation map has a number of 
useful properties (cf. 34.4 [bj). In particular, for all c G C, p G P, 

<g) = Ip (g) c, 

P(0)P(1)^^' ®BP{1)^^^ = p, 


(la) 

(lb) 

(l c) 

(l d) 
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( 2 ) 

(3) 


Entwinings and C-coalgebra Galois extensions are closely related. If P(B)‘' is a 
C-coalgebra Galois extension, then the map (cf. Theorem 2.7 [3J) 

V’can : C ® P ^ P 0 C, c ® canp(Tp (c)p) (4) 

is the unique entwining such that P is an entwined module. In particular, if P(B)‘' 
is a C-Hopf Galois extension, then tpcanic < 8 ) p) = P(o) ® cpqy 

Multiplication of subsets Suppose that A is an algebra, M G a-M and pA '■ A® 
M —> M denotes the left A-action. Let B C A, N C M be subsets. Unless otherwise 
stated, in what follows, we denote BN = pAiB ® N). We use similar convention 
for right modules. 

2.1 Cleft extensions 

An interesting class of coalgebra-Galois extensions is provided by cleft extensions. 

Definition 2.1. Let C be a coalgebra, P be an algebra and a right C-comodule. A 
convolution invertible and a right C-colinear map 7 : C —> P is called a cleaving 
map. A C-coalgebra Galois extension P(B)‘“ such that there exists a cleaving map 7 : 
C —> P is called a cleft coalgebra Galois extension and is denoted by P(B)^. Similarly 
a cleft (P, C)xp-extension Py{B, C, xp) is a (P, C)ip-extension with a cleaving map 7 . 

Observe that if P(B)^ is cleft, then the inverse of the canonical map has the form 

(can^)"^(p(g)c) = P 7 ^^(c(i)) ®b 7 (c( 2 ))/ for all c G C,p G P, (5) 

where 7 ^ means the convolution inverse. 

Proposition 2.2. (Proposition 2.3 /|3f.) Let C be a coalgebra, P be a right comodule and 
B = P“C_ jjr fjigfg exists a cleaving map j : C ^ P, then the following are equivalent: 

1. P{B)^ is a C-coalgebra Galois extension. 

2. There exists an entwining ip such that P(B, C, ip) is a (P, C) ip-extension. 

3. For all p e P, P(o)7^nP(i)) ^ B. 

If any of the above conditions hold, then P ~ B ® C in b-M^, where the isomorphism 
: P ^ B ® C and its inverse : B ®C ^ P are given explicitly by 

^7(p) = P(0)7^HP(1)) ®P(2)/ 

6f^{b ® c) ^ bj{c). (6) 

Lemma 2.3. Suppose that P{B)^ is a cleft C-coalgebra Galois extension, and that 7 : C — 
P is a cleaving map on P. The map 

7 ^ = m o (L ® 7 ) o A, (7) 

where T : C ^ B is a convolution invertible map called a gauge transformation, is also a 
cleaving map on P, and any other cleaving map on P has this form. 
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3 Covering of modules and algebras 

In this and the next section we recall basic definitions and theorems from | 8 I. Note 
that the covering and gluing of modules was actually introduced in (Toj. 

In what follows, all algebraic objects, unless specified otherwise, are K-modules, 
where K is a unital commutative ring such that K 327 ^ 0 , KbSt^O, and any 
K-module M considered is such that 2M = M, 3M = M. 

Definition 3.1. Let A, B be algebras and let C be a coalgebra. Suppose that M 
is an (A, B)-bimodule (resp. a right C-comodule, an algebra, an algebra and a 
right C-comodule, etc.) Let J be a finite index set, and let {Ji)i^i be a family of 
sub-bimodules (resp. C-sub-comodules, ideals, ideals which are also right C-sub- 
comodules, etc.) of M, such that 


n/i={o}' (8) 

iel 

Then the family is called a cover or a covering of M. 

In what follows we will only consider finite covers, i.e., in the statement 
is a covering' it should be implicitly understood that the index set I is finite. 
Observe that the quotient modules 

M, = M/h, M,j = M/ih + Jj), M,jk = M/{h + Jj + h), ..., (9) 

are (A, B)-bimodules (resp. C-comodules, algebras, algebras and right C-como- 
dules, etc.), and hence, for all i,j,k G I, the canonical surjections 

TZi : M Mi, m m + Ji; Tiij : M M^y, m ^ m -\- ]i -\- /y; 

’^ijk • ^ ^ijh ^ ^ + }i + }j + Jk) •) 

TTy : Mf ^ Mjj, m + }i m + }i + /y; 

^ijkr rn + Ji m + Ji + Jj + Jk) ■ ■ ■ (10) 

are morphisms in the respective categories. Note that, by our assumption at the 
begiiming of this section, about the ground ring K, for all i,j,k G I, Mu = Mi = 
Mm, Miij = Mij, Mij = Mji, etc., and also 

Tin = TTi, TCij = TTy;, 7T; = M^i, Tlj o 7T; = TTfy, TTjj^ o TTf = TCijk, etC., (H) 

A module 

= {{mi)i^i G 0 M; I V;yyg/ 7rJ(m;) = 7r|(my)} (12) 

iel 

is called a covering completion of M. Observe that = ker Y^vi/ where 

Ym : 0 M; ^ 0 Mij, {mi)mi ^ {7i){mi) - n{{mj))i_j^i. (13) 

iel i,iel 
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The map 

Km : M ^ m ^ (14) 

is clearly injective (as ker Km = fl/el ^ rijeJ Ji = {0})- is also surjective, 
then the cover of M is called a complete cover. 

Note that the definitions of the module and the map km make sense even if 
the family (//jigj is not a cover. Accordingly, in what follows, we shall make use of 
the term covering completion and the map km also when Ji ^ {0}. In fact. 
Km is injective if and only if (/J^gj is a cover. 

If M is an algebra with unit (and /,, i G 7, are ideals), then is an algebra, with 
unit (lM,);el and 


■ (ny)ygj = {mini)i^i, for all (ny)yg/ G Nf. (15) 

The map km is then an algebra morphism. Similarly, if C is a coalgebra, flat as a 
K-module, and M is a C-comodule (and is a family of sub-comodules), then 

is naturally a C-comodule with the coaction 

-.M^ C, ^ (mj(o) ® m,(i)),gj. (16) 

With respect to this coaction km is a right C-colinear map. 

The following two propositions give criterions for a cover to be a complete one. 

Lemma 3.2. (Proposition 1, iHf.) Let M be a ¥.-module, and let ]\, J 2 ^ M be K-sub- 
modules. Then the map km : M —> NP defined by (I7H > is surjective. In particular, any 
covering by two subspaces is complete. 

Lemma 3.3. (Proposition 3, JSf.) Let Mbe a 'K-module and let (/Ozei be a covering ofM. 
Assume that the index set is I = {1,2,... ,n} and that, for all k e I, the submodules M, 
satisfy 

n (/< +h)=i n ^. ] + h- 

Then the covering is complete. 

The condition m is not necessary. Note however that the closed ideals of a 
C*-algebra form a net with respect to intersection and addition, which is stronger 
condition than as. Moreover, a similar but weaker than 03 condition is a neces¬ 
sary condition. 

Lemma 3.4. (Proposition 4, ^.) Let M be a K-module, and let be a complete 

covering of M. Then, for all k e I, 


riHi+w 

iy^k 


n/i)+K 

t^k j 


(18) 
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4 Gluing of modules and algebras 

Let Mi, Mij, i, i G 7, be a finite family of modules, and let tt' : M, ^ M/y be a family 

of surjective homomorphisms such that Mu = Mi, Mij = Mji and n] = Mi, for all 
i,j E I. Then the module 

0 Mj = i {mi)i^i e 0 M,- I Wi^j^in){mi) = n\{mj) I (19) 

7p( L f G J J 

is called a gluing of the modules Mi with respect to rd- (Definition 3 [ 8 ]). 

Similarly as in the case of covering completions, if the modules Mi, Mij, i, j E I 
are (unital) algebras and maps Tij- are (unital) algebra maps, then gluing 0 ^, M; is 
an algebra. If C is a coalgebra flat as a K-module, and modules Mi, Mij are right 
C-comodules and the maps tt' are right C-coltnear, then 0^, M; is naturally a right 
C-comodule. 

Proposition 4.1. (Proposition 8 SM.) Suppose that M = 0^, M;. For all i E I, let 

Pi : 0 ^ {mj)jei ^ mu (20) 

Then (ker(p;));g 7 is a complete covering of M. 

The maps pi, i E I, defined above are not in general surjective. The reason, 
given in [i8|, is that our definition of gluing (IT^ does not exclude self-gluing. The 
following proposition gives sufficient condition for surjectivity of maps pi, i E I. 

Proposition 4.2. (Proposition 9 ®.) Let M = 0^, M;. Assume that the epimorphisms 
Tpj: Mi Mij have the following properties. 

For all i,j,k E I, 7 r'(ker/rj.) = 7 r|(ker tt^). (21) 

Define isomorphisms 

6^1 : Mi /(ker tt' -f ker n[) Mij/ 7 ry(ker n[), 

mi + ker ziy -f ker n^j(mi) 7 ry(ker ti\). ( 22 ) 

Then assume that the isomorphisms 

(pij = (0^0^ o 0^* ; Mj/ (ker /rj -1- ker tt^) ^ M;/ (ker tt* -1- ker ti[) (23) 

satisfy 

4’ik = 4’y ° ^)k' M L i' ^ ^ • ( 24 ) 
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( 25 ) 


Let I = {1,2,.. . ,n}. Ifn>3, assume that, for all 1 < k < n and 1 < i <k, 

Pi (ker + ker ) = | Q ker/Ty^^ j +ker7r^+^^. 
l<j<i \1<;</ / 

Then, for all i G I, the maps pi are surjective. 

Remark. Note that, for all i,j,k e I, mj G My, + ker(7rj) + ker(7r[)) = m^ + 

ker(7ry) + ker(7r^), where m, is any element of M, such that n^'-fni) = 7i\{mj). 


5 Locally C-coalgebra Galois extensions 

In what follows we shall frequently use the following two simple observations. 

Lemma 5.1. Suppose that A and B are algebras, and that n : A ^ B is a surjective 
algebra morphism. Take any N G b-^b- Clearly N G a-M.a left and right A-actions 
defined by a - n ■ a' = n{a)mT{a'),for all a,a' e A, n e N. Then we can identify N N 
with N N. 

Lemma 5.2. Suppose that P{B)^ is a C-coalgebra Galois extension. Let A be an algebra 
and a right C-comodule, and suppose that n : P ^ Ais an algebra and a right C-comodule 
morphism. If t[{B) = A^°'^, then A{t[{B))^ is a C-coalgebra Galois extension. 

Proof. It is clear that the map 

= (tT Tt) O Tp : C ^ A 05 A ~ A Gir[{B) ^ (26) 

is the translation map on A, where rf is the translation map on P, and we used the 
identification of A 0 b A with A ®n{B) ^ (Lemma|5Aj. □ 

Observe that it is not true in general that for an arbitrary coalgebra C and alge¬ 
bras and right C-comodules P and A, such that there exists an algebra surjection 
Tz : P A, we have A“^ = n{P‘^°^). As an example take C being a commutative 
Hopf algebra generated by a single primitive element x, i.e., A(x) = I0x-|-x0l 
and e(x) = 0. Let P be a free commutative algebra generated by two elements b and 
a, and let us define a right C-coaction jO*' : P —P 0 C as an algebra map defined 
by an algebra extension of the relations 

p^{b)=bG>l, p^{a) = aG)l+ b G) X. (27) 

It is clear that is a subalgebra of P generated by the element b. Let A = P/ (Pb), 
i.e., A is a free commutative algebra generated hy a -\- Pb, and let tt : P —A be the 
canonical surjection on the quotient space. The map n is clearly right C-colinear, 
and moreover, C acts trivially on A, i.e, A^*- = A. However, 7r(P“^) = K. 

Unfortunately P is not a C-Hopf Galois extension, and we were unable either 
to prove that A^°^ = 7 r(pcoC) when P is a C-coalgebra Galois extension, nor to 
produce a counterexample. The following lemma, however, shows that, under a 
not very restrictive condition, A^°‘^ = Tz{P^°^) when P is a cleft extension. 
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Lemma 5.3. Suppose that is a cleft C-coalgebra Galois extension, and that n : 

P ^ A is a surjective algebra and right C-comodule morphism. Let jp : C ^ P be a 
cleaving map in P. If 7r(l(o)7p^(l(i))) has a right inverse in then A{7i{B))^ is a 

cleft C-coalgebra Galois extension. 

Proof. The map Ja = tt o ; C — > A is right C-colinear as the composition of 
two C-colinear maps, and it is convolution invertible, with the convolution inverse 
given by 7 ^^ = tt o Moreover, since n is surjective, for all a E A, there exists 
p E P such that a = n{p), and then 

^2(0)7aH«(i)) = 7r(p(0)7pHP(i))) e n{B) C A“^. 


Therefore, by Proposition 12.21 it remains to prove that A^°‘~ 
map 


B 0 C 


biS)ci-^bjp{c) 


A 


n{B). Consider the 
(28) 


which is surjective by Proposition 12.21 Therefore, in particular, for all s E A‘^°^, 
there exists bi 0 Cf e B (g) C, such that s = bi'Yp{ci)) = Yli ^{hi)7A{Ci)- The 
C-coinvariants of A are characterised by the property ^*"( 5 ) = sp‘"(l), therefore. 


E ^ihihAiCi)l(0) (g 1(1) = E ^ihihAiCi(l)) g C(2). 

i i 


Applying m o 


(P g 7^1^) to both sides of the above equation yields 


E^(^07a(c)1(o)7/(1(i)) = Y^^ihi)e{ci), 

i i 

hence, if l(o)7,4^(l(i)) has a right inverse R E n(B), then 

s = J2e{ci)n{bi)R E n{B), 


which ends the proof. □ 

Nofe that if P(B)^.^^ is an e — copointed cleft C-coalgebra Galois extension, then 
l(0)7p^(l(i)) = 7p^(^)/ which is invertible in B with (7p^(e))^^ = 7p(e) G B. 

Definition 5.4. A pair (P(B)‘', (JOzei) is called a locally C-coalgebra Galois extension 
if the following conditions are satisfied. 

1. P is an algebra and a right C-comodule and B = P“‘'. 

2. The family of ideals and right C-subcomodules of P is a complefe cover 
of the algebra P. 

3. For all i E I, nfB) = Pf°‘^, and Pi{ni{B))^ is a C-coalgebra Galois extension. 

4. For all fj E I, nij{B) = Pf°^. 
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Note that while (B fi is a cover of B it does not need to be a complete cover. 
Indeed, in general B fi /,■ + B fi ^ B n (/,■ + //), therefore ft] ^ n] , where 

ft^j B/(B n /;) —>'B/(Bn/; + Bn /y), & + b n /;• i—> & + B n /; + B n /y. 

The following lemma is very technical and apparently obvious. However, we 
shall make use of it several times in critical places and we want to state it explicitly. 


Lemma 5.5. Let I, J be index sets and suppose that C, Mi, i G I, Nj, j G /, are K-modules. 
There is a well known canonical identification 


: (0 Mi) ® C ^ 0(M, 0 C), imi)i^i ® c ^ (m; ® c)i^j, 

iel iel 

and similarly : (0ygj Ny) ® C ~ 0yey(Ny (g) C). Let P- : Mf ^ Ny, i e I, j ^ J be a 
family of'K-linear morphisms. Define maps 

^ (EFJ'WW- (29) 

zel jej 

G : 0(Mi (g) C) —^^(Ny (gi C), (mi (g) Ci)i^j 1—^ (^Fy (mf) ® Ci)j^j. (30) 
iel je] i 


Then G o i9m = ° (f ® C). 

Lemma 5.6. Suppose that (F(B)‘", {Ji)i^i) is a locally C-coalgebra Galois extension. Tor 
all i G I, denote by p : C — Pi Pi the translation map in Pi. Then, for all i,j G I, 

{n'j (g)B Tlj) O n = (ttJ ®b 7 r|) o Ty. ( 31 ) 

Proof. By Lemma EJl both sides of (1^ are translation maps in Py. But the transla¬ 
tion map, if it exists, is unique, hence the equality. □ 

We use an indexed summation notation for the translation map. For all i G I 
and c & G, 

T;(c) = (g)B (32) 

implicit summation (not over i though!) is understood. 

Proposition 5.7. Let {P{B)‘^, {Ji)iei) bs a locally G-coalgebra Galois extension and sup¬ 
pose that G is flat as a ¥.-module. Then P is a {P, G)ip-entwined module with 

ip : G®P ^ P<^G, c ® p (Kp^ C)((^/7;(c (g) 7 r/(p)));gj), (33) 

where, for all i G I, tpi is the canonical entwining on Pi 0. 

Proof. First we prove that the map xp is well defined. Using (1^ we show that, for 
all i,j e I,c e G, p e P, 

(zTy (g) C) o ipi(c (g) ni{p)) = {ni ® C) o ipj(c ® 7ry(p)). (34) 
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Indeed, 


(TTy (g) C) o lpi(c ® TZiip)) = ® C)(c[^'*p‘-(c[^''7r;(p))) 

= 7r-(cW'>^(7r;(c'^]07r'(7ri(p))) = nl{Si)p^{nl{Si)nl{nj{p))) 

= (7r| (g) C)(cW/p‘'(cPWy(p))) = (7r| ® C) o l/7y(c (g) 7ry(p)). 


Define the map 

f:C0P-0(P,. (g)C), C(^p ^ {tpi{c(^TZi{p)))i^i. 
iel 

By (l34b and Lemma 15.51 Im(j^) C ker(Yp (g) C) = ker(Yp) (g) C = ® C, where 
Yp is as in and we used the flatness of C and the definition of = ker(Yp). 
Hence the map ip = {Xp^ ® C) o is well defined. 

In order to distinguish between different entwining maps we use indexed sum¬ 
mation notation tpj{c (g) 7Zi{p)) = 7ii{p)cn ® c^', for all i & I, p E P, c E C, together 
with the usual notation ip(c ® p) — pa® c‘^, an implicit summation understood. We 
need to check whether xp satisfies conditions (HJ. Indeed, for any c E C, 

xp{c(^lp) = {Kp^ ® C)((i/7j(c ® lpj);ej)(Kp^ (g) C)((lp,.),g:j® c) = Ip (g)c, 

where we used that Kp (hence Xp^) is a unital map. Similarly, for all c G C, p G P, 

(P ® e) O i/;(c ® p) = {Xp'^ ® e){{xpi{c ni{p)))i^i) 

= {xp'^ ® C){{{Pi ^ e) o tpi{c Tii{p)))i^i) =Xp'^{{ni{p))i^ie{c)) = pe(c). 

Observe that, for all i E I, 


(TTf ® C) O 1/7 = j/7, o (C ® TT/). (35) 

Explicitly, tor all c G C, p G P, i E I, 7ii{pa) (g) c“ = 7rf(p)a, <g) c^'. Hence, tor all 
cEC,p,p' E P, 

(pp')a®c“ = (Kp^ ® C)((7r,(pp')«; 

= (Kp^ (g)C)((7r;(p)«,.7r,(p')p, 

= (Kpl ® C){{Tli{pa)ni{p'® C^^)i^l) = Pocp'p ® c“^- 

Similarly, for all p G P, c G C, 


Pcc ® (g) c“( 2 ) = {Xp^ ®C® C)((7Ti(pa) ® c“(i) ® c“( 2 ))iej) 

= (Kp^ ® C® C)((7r;(p)a; ®c“'( 2 ))zel) 

= {Xp^ 0 C C){{ni{p)a-p- ® C( 2 f')i^i) 

= (Kp^ ® C® C)((7rf(p^p) ®C(i)^®C( 2 )'');ej) = p^p ® ® C( 2 )“. 
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It remains to prove that P is an entwined module. Indeed, using the coaction (IT^ . 
for all p, p' G P, 

p^ipp') = p^(Kp^ o Kp{pp')) = (Kpl ®C)op^o Kp{pp') 

= {Kp^ (^C){{p^{ni{p)TZi{p')))i^j) = {Kp^ C){{TZi{p)^o)tpi{TZi{p)(^i) TZi{p')))i^j) 

= (Kp^ (8)C)((7r;(p(0))i/^/(p(i) ® 7r,(p')))iei) = P{0)i^p^ ® Mp')))iei) 

= P(0)V'(P(1) ®p')- 

□ 

Although a locally coalgebra Galois extension is built out of Galois exfensions 
it is not necessarily a (global) coalgebra Galois extension. The next theorem, which 
is the main result of this section, gives (sufficient and necessary in the case of a 
flaf coalgebra) conditions for when a locally coalgebra Galois exfension is a global 
coalgebra Galois extension. 

Theorem 5.8. Let {P{B)‘~, {}i)i^i) be a locally C-coalgebra Galois extension. 

1. If (ker( 7 r/ ( 8)3 is a complete covering ofP ( 8)3 P and 

ker{TZij Gib = ker( 7 r/ Gb ^i) + ker{nj ®3 Try), (36) 

then P{B)^ is a C-coalgebra Galois extension. 

2. Suppose that the coalgebra C is flat as a K. module. The family (ker(7r; Gb 
is a cover ofP Gb P if and only if canf is injective. 

3. If P{B)^ is a C-coalgebra Galois extension and C is flat as a ¥.-module, then the 

condition (El is satisfied and (ker( 7 r; Gb a complete covering ofP Gb P- 

Proof. Observe that, for all i,j G I, modules Pi Gb Pi and Py Gb Py, as the images 
of the surjective maps tt, Gb tT; and ny Gb '^y respectively, can be identified with 
the respective quotient spaces P Gb P/ ker( 7 r/ Gb ^i) and P Gb P/ ker( 7 r;y Gb 
Under this identification the maps rci Gb tT; and ny Gb TCy can be viewed as quotient 
maps. 

1 ). Suppose first that (ker( 7 rf Gb '^i))iei is a complete cover oi P Gb P and that 
relation El is satisfied. The condition (l36b means that Py Gb Py can be identified 
with P Gb P/ (ker( 7 r; Gb ’^i) + ker( 7 ry Gb Tiy)). The map /rj- Gb is surjective and 
(n‘- Gb TTy) o (zTf Gb = '^y Therefore, the map TTy Gb tt' can be viewed as 

a quotient map 

TTy Gb TTy: Pi Gb Pi ^ Py Gib Py, 

X + ker(7r; Gb ^i) 1 -^ x + ker(7rj Gb ^i) + ker(7ry Gb Try). (37) 

It follows that the covering completion of P Gb P can be equivalently defined as 

(P Gb py = {{xfiei e 0 Pi Gb Pi \ Gb tt-) {xf = {n{ Gb ttJ) (xy)}, (38) 

iel 
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and then, by assumption, the map (cf. (O) 

: p f ^ (f X ^ {{ni®Bni){x))i(.[ (39) 

is bijective. Define a map 

t^:C^(P0bP)^ c ^ (p(c))ie7, (40) 

where t, : C h-^ P/ ®b Pi is the translation map on P,, i G I. Equation (ISTll ensures 
that this map has image in (P (8 )b P)*^. We claim that the map 

(canp)^^ : P (g) C ^ P®B P/ P ® c ^ pxp^^p o r‘^{c) (41) 

is the inverse of the canonical map canp : P ®b P —> P ® C of P. Indeed, denote 

can : (P Op P)^ 0 P; (2) C, (p,- ®b ^ iPi^^iiO) ® ^?qi))/eP (42) 

iel 

It is easy to see that 

(Kp (g) C) o canp = can o Kp^^p, (43) 

and therefore, for all p G P and c G C, 

can^o (can^)~^(p®c) = (Kp^ (g)C) o can o Kp®gp(pKp^^p o t^(c)) 

= (Kp^ ® C) ocan((7r,(p)p(c))/e/) = (Kp^ (g) C)((7rf(p) (g) c)/ei) =p®c. 

Similarly, for all p, G P, 

(canj)-^ o can^(p ®b ^^) = (can^)^l(p^?(o) ® ^?(l)) = p^?(o)Kpl^p o T"(^?(l)) 

= %®Bp((7rKp)7r;(^?)(o)P(7rf(^?)(i)))iej) = Kpi^p(7ri(p) ®b 7^^(^?)) =p®Bq, 

where in the fourth equality we used (|3)l, and for the third equality we observed 
that pKpl^p{{xi)i^i) = Kpl^p{{7ii{p)xi)i^i), for all p G P, (x^zei e (P ®b P)P 
2.) Suppose that C is flat as a K-module. It is clear that 

can((P ®B P)') C ker(Yp ®C)=P^®C, 

where the last equality follows by the flatness of C and the definition of (l38t and 
Yp (d. Define 

can*^ {P ®B Py ^ P^ ® C, X I—>■ can(x). (44) 

It is clear that can*^ is invertible with the inverse 

(can*^)^^ : P'^^C ^ {P^B P)^ {Pi)iel ^ C ((canj.)~^(p, ® c))/^/. (45) 

Using d^ . and noticing that Kp ® C is bijective, it is easy to see that Kp0gp is injec¬ 
tive if and only if canp is. But the injectivity of Kp^^p is equivalent to (ker(7r, ®b 
T[i))i^i being a cover. 
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3. For brevity, we denote can, = can^., can,y = canp . By Lemma l5^ for all i,j e I, 

can, o (tt, ( 8 )b tt,) = (tt, (g) C) o canp, (46) 

can,y o {TZij (g)B Tiij) = {TZij ® C) o can^. (47) 

Hence, as the maps canp, can,, can,y are bijective and C is flat as a K-module, it 
follows that 


ker(7r,y 7r,y) = (canp)^^(ker(7r,y 0 C)) = (canp)^^(ker(7r,y) (g) C) 

= (canp)^^(ker(7r,') (g) C + ker(7ry) 0 C) 

= (canp)^^(ker(7r,'(g) C)) + (canp)^^(ker(7ry ® C)) 

= ker(7r,' 0 ^ tt,-) + ker(7ry ®b TZj). 


Furthermore, by d^ . as the maps can^^, Kp®C and canp are bijective, we obtain 
that 

Kp 0 ^P = (can^^)^^ o (Kp (g) C) o canp 

is invertible, hence the family (ker(7r, ®b is a complete cover of P i^gP- D 


Lemma 5.9. Let (/,),g/) be a locally C-coalgebra Galois extension, and suppose 

that the ground ring K is afield. Then the condition (ESP is satisfied. 


Proof. For all i, j, k E 1, the diagrams 


0 -- PdBP 


■P®P- 


&P 


P®bP -^0 


(48) 


and 


0-^ PdBPi 


0 -- PdBP 


7r,'(8)7T,'|p^gp 

TT,-®/!; 


©P,- „ ' 


7r/(8’R7r/ 


Pi ® Pi - 

-^ P, (g)B Pi 

P(g)P - 

- -P®bP 


■0 (49) 





0P,, 


0-- PijdBP.j 


■Pij®Pij 


■ Py Py -^ 0, 


where 0 m '■ M ® M ^ M ®b M., M E bM.b is a natural surjection on the quotient 
space, and d denotes the universal differential, are clearly commutative and have 
exact rows. 

Since the maps tt,- ® tt,- | p^pp and 7r,y ® ny | p^^p are surjective, the application of 
the Snake Lemma to the above diagrams yields that the maps 


®plker(7r,®7T,) ^ ker(7r,- ® TT,) ^ ker(7r,- ®b rzi) 


(50) 
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and 


(51) 


®p\keT{nij<snij) ■ ker(7r,-y ® 71,j) ^ ker(7r/y 0B nij) 

are well defined and surjective. Observe that as K is a field, for all i,j G I, 
ker(7r, (g) tT;) = ker(7r;) ® P + P ® ker(7r;). 


and 


ker(7r;y 0 Tiij) = ker(7r/y) ®P + P ® ker(7r;y) 

= ker(7r,) ®P + ker(7ry) ®P + P® ker(7rf) + P ® ker{nj) 

= ker(7r; ® tT;) + ker(7ry 0 7Zj). 


Hence, for all i, j G I, 


ker{iiij ®B Tiij) = &p{ker{nij ® tt ^)) 

= 0p(ker(7r; ® tT;)) + 0p(ker(7ry ® TZj)) = ker{7Ti ®b tti) + ker(7ry ®b rij). 

□ 

Therefore, Lemma (5.91 implies that, when working over a field, which is prob¬ 
ably the most interesting case from a non-commutative geometry point of view, 
to verify whether a locally Galois extension is globally Galois, it suffices to check 
whether the covering (ker(7r,' ®b TCi))iei is a complete covering of P ®b P- More 
precisely we can state: 

Corollary 5.10. Suppose that the ground ring K is afield and that {P{B)^, is a 

locally C-coalgebra Galois extension. Then P{B)^ is a C-coalgebra Galois extension if and 
only if (ker(7r, ®b is a complete cover ofP ®b P- 

In view of Gorollary 15.101 it is important to study when a cover is a complete 
cover. 

Lemma 5.11. Let B be an algebra, and let be a family of ideals of B. Denote the 

quotient spaces by Bj = B/K,, Bij = B/{Ki + Kj), i,j G 1, and by 

TZi-.B-^ Bi, Tiij: B By, tzG. BiBy, i,j G I 

the canonical surjections. Suppose that M G sAl, M, G Mfy G SiyAl, i,j G I, is a 
family of modules such that My = My, for all i,j G I, and that 

X,i ■ M > Mi, x.ii • M >■ Mij, x,j • M; : >■ Mij, i, j G I, 
is a family of surjective ¥.-linear morphisms with the properties 

ker(^fy) = ker(^0 + ker(^y), 

X) ° Xi = Xij = x{ ° Xj> 

Xiibm) = 7ii{b)Xi{pn), Xy^bm) = 7iy{b)xy{m), 
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(52) 

(53) 

(54) 




( 55 ) 


for all i,j e I,b e B,m e M. 

Let I = {1,2,... ,n}, n >2. Suppose that, for all 2 < k < n. 


n 2Cfc(ker(^,)) C | 7ik{Ki) j M^. 


Then, for all 2 < k < n. 


n (ker(;^c,)+ker(;^Cfc)) = H ^er{xi) \ Tkerixk)- (56) 

ie{l,2,...,k-l} \ie{l,2,...,k-l} J 

Proof Note that by (l5^ and (l5^ . for all i,j G I, ker{x^-) = Xi(ker{xj))- Therefore, 
for all 2 < A: < n. 


'k-l 


n (ker(^f)+ker(^fc)) = p| ker(^ifc) = ker ( 0 
ie{l,2,...,k-l} ie{l,2,...,k-l} \ i=l 

= ker ( oX]}\ = (Xk)^^ fker (^02cf 


.i=l 


.i=l 


= iXk) ^ n ker(^f) = ixk) ^ H Tfc(ker(^,-)) 

\ie{l,2,...,k-l} J \ie{l,2,...,k-l} 

£ (XiP \ (ri'ri(K.) ) mJ = (HK, ) M + ker(») 


J=1 




Cl Pi ker(^J +ker(^|,). 

pe{l,2,...,k-l} J 

The inclusion relation in the opposite direction is always satisfied. □ 

Proposition 5.12. Suppose that the ground ring K is afield. Let be a 

locally C-coalgebra Galois extension, and let rCi : P ^ Pi = P/ Ji, etc., be the surjections 
on the quotient spaces. Let Ki = B f] Ji, i G 1. Suppose that I = {1,2,... ,n} and, for all 
2 <k < n, 

n 'r,.(/,.)C (f[7Ti(K,.)jPt. (57) 

ie{l,2,...,k-l} \'=1 / 

Then if the family (ker(7rj ®b a cover ofP ®b P, then it is a complete cover. 


Proof. For all i,j G I, denote Bj = B/Ki, By = B/Ky and define maps 

Xi = can, o {m TT,-) : P®bP ^ Pi^C, 

Xij = cany o {ny ®b ny) : P^bP ^ Pq C, 

X) ^ n^j®C -.Pi® C ^ Py ® C, 


(58) 

(59) 

(60) 
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which clearly satisfy the conditions (l53b - (l5H . Moreover, as the maps can, and can,y 
are bijective, it follows that ker(;(;,) = ker(7r,- tt,) and 

ker(;^,-y) = ker(7r,y Og 7r,y) = ker(7r, ®g tt,-) +ker(7ry ®g zry) = ker(;^^,-) +ker(;^^y), 

where the second equality follows from Lemma ESI Moreover, for all 2 < k < n, 

n ^fc(ker(^,)) = Pi ker(7rf®C)= p| ker(7rf)®C 

ie{l,2,...,k-l} ie{l,2,...,k-l} 

®c=( fl Ti^y,) I ®CC [n7rt(Ki)) (Pt®C). 
\ie{l,2,...,k-l} J Vi=l / 

Therefore, by Lemma [5.111 for all 2 < k < n. 

Pi (ker(7r,- ®g zr,-) + ker(7rfc ®g tt^)) 

Pi ker(7r,- ®g tt,-) + ker(7rfc Og tt^), 

and hence, by Lemma l33l the family (ker( tt, ®g tt,) ),g 7 is a complete cover of P (8)g 
P. □ 

The following lemma is probably well known, but we were unable to find the 
reference. 

Lemma 5.13. Let M, M', M" he K-modules and let K,LCM, K!, V C M', K”, L” C 
M" be submodules. Suppose that 

f:K + L^K' + L', g : K'+ L' ^ K"+ L" 

are ¥.-linear maps such that the sequences 

0 ---0, (61) 

0 --L---0, (62) 

are well defined and exact. Then the sequence 

0— ^KnL ——-o (63) 

is exact if and only if the sequence 

0- ^K + L - - --r + L'-^--r' + L"--0 (64) 

is exact. 
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Proof. Suppose that the sequence (l64t is exact. Clearly is injective 

and ° /Ikhl ^ Suppose that for some m' e K' fi L', gfn') = 0. By 

the exactness of (IhTll and (l6^ . there exist elements k E K and I E L, such that 
f{k) = m' = f{l), i.e., f{k — 1) =0. But / is, by the assumption, injective, therefore 
k = I E Kf] L. Hence the sequence (1^ is exact at K' nL'. 

Finally, let m" E K" n L" . By the exactness of (l6Tl and (l6^ . there exist elements 
k E K', I E L' such that g{k') = m" = g{l'), hence g{k' — V) = 0. By the exactness 
of (l6^ at K' + L', there exist elements k E K, I E L such that f{k + 1) = k' — V, i.e., 
~ /(^) = ^' + f{l) ^ n L' and g{k' — f{k)) = g{k') = m", hence g{K' n L') = 
fC" n L". 

The map g is clearly surjective, as g{K' + L') = g{K') + g{L') = K" + L" 
by the exactness of (l6Tl and (l6^ . Similarly, for all fc G K, I E L, g o f[k + 1) = 
gof{k) +gof{l) = 0. 

Suppose that, for some k' E K!, V E L', g{k' + V) = 0, i.e., g{k') = g{—V) E 
K" n L". As, by the assumption g{K' n L') = K" fi L", there exists m' E K' n U 
such that g{m') = g{k') = g{—l'), i.e., g{k' — m') = 0 and g{l' + m') = 0. By the 
exactness of iB and (l6^ . there exists k E K, I E L, such that f{k) = k' — m' and 
f{l) = V m'. Therefore f{k + 1) = k' — m' + V + in' = k' + V, and we have proven 
that the sequence (1^ is exact at K' + L'. 

Finally, suppose that f(k + 1) =0, for some k E K, I E L, i.e, f{k) = f{—l) E 
K' n L'. As g{f{k)) = 0, we have by the exactness of (1^ at K' fi L' that there exists 
m E KnL such that f{ni) = f{k) — /(—I)/ /{k — m) = 0 and /(/ +m) = 0. 

However f\x and f\i are by assumption injective, hence k — m = 0 and I + m = 0. 
Therefore k + l = k — m + l + m = 0 and we have proven that / is injective. □ 

Corollary 5.14. We keep the notation and assumptions from the above lemma. Suppose 
that in addition we are given exact sequence of¥.-maps 

0-^ M M' —^ M" -^ 0, (65) 

such that f = s|x+L g = fK'+u- Then g{K' fi L') = K" fi L” if and only if f{K + 
L) = ker(g). 

Proof. It is easy to see that, under the assumptions, the sequences (1^ and (1^ are 
exact, apart from the conditions g{K' fi L') = K" fi L" and f{K + L) = ker(g). □ 

Lemma 5.15. Suppose that K is afield. Let f : M ^ N, g : M N' be ¥.-vector space 
morphisms such thatker{f) nker(y) = {0}. Then 

ker(/ ® /) n ker(y 05 -)= ker(/) 0 ker(y) + ker(g) 0 ker(/). (66) 

Proof. As K is a vector space and ker(/) fi ker(g) = {0}, we can write 

M = M(B ker(/) © ker(g), 

and the assertion of the lemma easily follows. □ 
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Proposition 5.16. Suppose that K is afield and that I = {1,2}. Let be a 

locally C-coalgebra Galois extension. Suppose that 

f = (Bnfi)P, for alii el. (67) 

Then P{B)^ is a C-coalgebra Galois extension if and only if 

(ker(7ri ® tti) + ker(7r2 ® 712 )) n PdBP 

= ker(7ri 0 n\) fl PdBP + ker(7r2 0 712 ) H PdBP. 

Proof. By the Snake Lemma, for all i, j E I, the commutative diagrams (l48ll and 
with exact rows induce the exact sequences 


ker(Tr; 0 TTf) P PdBP — 

ker(Tr, 0 tt,) — 

-^ker(Trj 0 b tt;) — 

— 0 (68) 

ker(Tr/y 0 7iif) P PdBP — 

-^ker(Tr;y0 Tr,y) — 

-^ker(Tr,-y0B TZy) - 

-^0. (69) 


By Lemma l5^ the sequence (l6^ can be written as 

0-^ (ker(7ri ® tT;) + ker(7ry (g) nf) fi PdBP -^ ker(7ri 0 tT;) + ker(7ry (g) TTy) 

-^ ker(7r, <^b ^i) + ker(7ry (g)B nf -^ 0. 

It follows immediately from Corollary 15. 141 that 

©p(ker(7r, (g) tt,) n ker(7ry (g) nf) = ker(7rj ®b tt,) n ker(7ry G>b 7ij), (70) 

where 0p : P ® P —»• P (g)B P is the natural surjection on the quotient space (cf. 
Lemma l5^ , if and only if 

(ker(7r, ® tTj) +ker(7ry 0 Try)) CiPdBP = ker(7r, 0 tt,) fiPdBP + ker(Try 0 Try) CiPdBP. 

(71) 

Let I = {1,2}. Hence ker(Tri) fl ker(Tr2) = {0}, and so, by Lemma B. 151 

ker(Tri 0 tti) fl ker(Tr2 0 Tr2) = ker(Tri) 0 ker(Tr2) + ker(Tr2) 0 ker(Tri). (72) 

Suppose that (1^ is satisfied. Then by U7^ . 0p(ker(Tr; 0 tTj) Piker (rry 0 Try))0p(ker(Tri) 0 
ker(Tr2) + ker(Tr2) 0 ker(Tri)) = /i 0b {h n B)P + }2 0b (Ji n B)P = 0 as /1/2, J 2 J 1 C 
li Li /2 = {0}. Therefore, if in addition (iTOb is satisfied, then ker(Tri 0 b tti) P 
ker(Tr2 0 b 712 ) = {0}. □ 

6 Locally cleft extensions 

Definition 6.1. A locally C-coalgebra Galois extension (P(B)‘“, (/Ozei) is called a 
locally cleft extension if, for all i E I, the quotient modules Pj are cleft C-coalgebra 
Galois extensions. It is called a proper locally cleft extension if, in addition, for all 
i, i E I, 

BP(/,+/^) = BP/, + BP/^-. (73) 
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We adopt the following notation. We denote Pi = P/Ji, Pij = P/{Ji + }j), etc., 
as before. In addition, we have quotient modules B, = B/(B fi /;), B^ = B/{{Jir\ 
^) + (/y n B)), etc., for all i,j G I. We reserve the use of the Greek letter n with 
various subscripts and superscripts to surjections onto the quotient modules of B, 
i.e., TCi : B Bj, tP- : B, —B^y, b + B f] Ji b + B Ci Ji + B n Jj, etc. For quotient 
maps on P, we use sub- and superscripted letter x, i-e., Xi ■ P ^ Pir etc. 

For all i E I, we denote by 7 ; : C ^ Pi a cleaving map on Pi. Moreover, for all 
i,j E I, we use the notation Y-- = x^- o 7 ; ; C —^ Pij. 

Note that, for all i E I, b E B, XiiP) = if we identify Bi with B/Ji C Pi. 

Similarly, we can naturally identify B/(B fl {Ji + Jj)) with B/{Ji + Jj) C Pij. In 
addition, if the relation (l73b is satisfied, we can identify Bij with B/ {Ji -|- Jj). Note 
that the condition (ITSb is equivalent to 

X){b) = 7i^j{b), for all i,] El,b eB, (74) 

where we used the above identifications. 

The condition (l74ll clearly implies that (B fl Ji)i^i is a complete cover of B. 

Lemma 6.2. (Cf. Lemma 1 0.) Let B(B)^ be a cleft extension, and let J be an ideal in 
P such that p^{J) C J 0 C. Then there exists a left ideal K in B such that J = Kx{C). 
Moreover, if the element x = l(o)7~^(l(i)) has a right inverse y in P (i.e., xy = Ip), and 
Ky C K, then K is a two-sided ideal and K = / fi B. 

Proof. Let us define 

(P ^ P(0)7^Hp(1)))(/)- (75) 

Note that K C J. Therefore, Kx{C) C J. On the other hand, for all p G J, p = 
P( 0 ) 7 ^HP( 1 )) 7 (P( 2 )) e Kx{C). Hence / = Kx{C). 

Let b E B, p E J, b' = P(o)7^HP(i)) ^ K. Then bb' = &P(o)7^HP(i)) = 
(i’P)(0)7^^((f’P)(i)) ^ P' hence K is a left ideal in B. 

Suppose that the element x = l(o )7 ^(l(i)) has the right inverse y in P, and 
Ky C K. As shown above, K JE B n J. On the other hand, let b E B n J. Then 
b = JJ,i kix{ci), for some ki E K, Ci E C. It follows that 

M(o) 0 1 ( 1 ) = Yjhix{ci(^ij) ® C 72 ), 


hence 

W(0)7^^(l(i)) = E^'7 (c/(i))7^^(c/(2)) = Y,kie{ci), 

i i 

and therefore b = Ylikiye{ci) E K. Hence K = J (1 B and it follows that PC is a 
two-sided ideal in B. □ 

From the proof of the above lemma we immediately obtain 

Corollary 6.3. Suppose that P{B)^ is a cleft C-coalgebra Galois extension. Let K be an 
ideal in B, and let J = Kx{C) be an ideal in P. Moreover suppose that the element x = 
1 ( 0 ) 7 ^^( 1 ( 1 )) G B has a right inverse in B. Then K = / fi B. 
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Definition 6.4. Let (/Ofei) be a locally cleft extension. Suppose that, for 

all i G I, the element l(o)7;^^(l(i)) has a right inverse in B;. Such a locally cleft 
extension we shall call a regular locally cleft extension. 

Suppose that is a regular locally cleft extension. Then, by 

Lemma ES for all fj,k G 7, Pf°^ = = XijiB), Pf-f = X)ki^i) = XijkiB), 

etc. 

For all i,j G 7, ker;^;* is an ideal and a right C-subcomodule of Pj. Therefore, by 
Lemma l6^ ker;\;' = where Ki = ker{x'j) Li Bi is an ideal in Bj. Note that 

ker TTy = TTf (ker nf C K^.. Define TCj = Tf-{Ki). Observe that 


Pff = x](Bi) = Bi/m = 


Bj/ ker(7rp 
Ry ker (zip 


n]{Bfln){tf = BylR). 


(76) 


A locally cleft extension (P(B)‘-, is proper if and only if, for all i,j G 7, 

R] = {0} (i-^v R^j = ker/Ty). Note that the properness of a locally cleft extension 

implies that B^y = Py^, and then 


ker(;^P) n B, = ker(7rp), ker(;^^^p n B,y = ker(7r^p, for all i,j,k G 7. (77) 

Indeed, 


ker(^P) = XiiMerXjic) = Tz(ker^y) +Xi(^eT^Xk) = ker(^p +ker(^^) 

= ker(7rp7i(C) + ker(4)7,'(C) = ker(7rp)7/(C), 

and 


kerixi) = X) ° Xk) = T/(ker(7r^)7,-(C)) = 7rJ(ker 4)7k(C) = ker{nyYyC). 


Then the relations m follow from Corollary 16.31 It follows that, for all i, j, k E 1, 
Bijk = Tcl {By) is isomorphic to = Xk can be identified with it. Under 

this identification. 



= ^jk' 



(78) 


In what follows, we shall examine conditions for a regular locally cleft extension 
to be a proper locally cleft extension. This requires the study of ideals Rl, i, j G 7. 
We generalise steps of the proof of Proposition 2 |@. 

For all i,j G 7, let us define an isomorphism (cf. ©) 


^\j ■ Pi] ^ Pi°^ ^ c, pij ^ o^ypij) = Pij(o){7ij) \pij{i)) ® Vim- (^9) 

Lemma 6.5. (Cf. the proof of Proposition 2 ^.) Suppose that {P{B)^, (Jfi^i) is a regular 
locally cleft extension. Then, for all i,j G 7, Rl = R^. 
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Proof. (Cf. the proof of Proposition 2 |9|.) For all i,j G I, define the map 

fji ; B, ® C ^ ® C, ® c ^ f{. o x){h7i (c))• (80) 

It is easy to see that ker fjj = K^- ® C. Consider the maps 

Qii : B,i ^ PfX, n‘{bi) ^ {Pf^'Se) ° fc(i'il(o) 7 r‘(l(i)) ® 1(2))- ( 81 ) 

Note that, as 7r;(ker7ry) C K^., and Kj- is an ideal, for all i,j G I, the maps Qji 
are well defined. Suppose that bij G Kj. There exists an element bi G such 
that n^j{bi) = bij. It follows that &d(o)7r^(^(i)) ® ^(2) ^ K^j ^ C = ker^y,, hence 
Qjiihj) = 0, and so KJ C ker Qji, for all i,j G I. On the other hand, for all i,j G I 
and b e B, 

® e) o f>jf7ii{b)ljo)Xf\lxj) ® 1(2)) 

= (P§°^ ® e) o f{j{xij{b)) = {Pf°^ ® £){Xii{b{o)){l{jy^{bii)) ® bj 2 )) 

= ^j(7ry(&)l(o) 77^1(1))) = +Kl. 

Suppose thaf, for some elemenf bij G B,p Qjfbij) = 0, i.e., &y7rJ(l(o)7^^^(l(i))) G KJ. 
But the element l(o)7y^^(l(i)), by assumption, has a right inverse in Bj, and K^- is an 
ideal in B^, hence bij G fCj. It follows thaf ker(Qjy) = K^-. 

We have proven, that, for all i,j G I, K^j C K^., and therefore, for all i,j G I, 
K^j = K{. □ 

Lef (P(B)^, (/;);£/) be a regular locally cleff extension such that the coalgebra 
C is flat as a K-module. Recall from the discussion following equation (ITU that 
P^ is naturally an algebra and right C-comodule, and the map Kp : P ^ P^, 
V ^ iXiip))iei is an algebra and a right C-comodule isomorphism. It follows that 
Kp(B) = Is is clear that 

kp(B) cS= {(bi)ie, e 0 B, I Vy,, x‘(bi) = y(i.;)}. (82) 

iel 

On the other hand, let {bfi^i G B, then, for all {pi)iei £ P^, 

P^iih)ieliPi)iel) = ip^ihPi))ieI = ib,p^iPi))ieI = {h)ieIP^{iPi)iel)^ 

i.e., {bi)i^i G It follows that B = (p^^coC ^ kp(B). 

Suppose that (B n /Ojg/ is a complete covering of B. Then 

Kp(B) = B^ = {{bi)i^i G 0 B, I Ti){bi) = 7rJ(&y)}. (83) 

iel 
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Let Hij : Bjj be the canonical surjections. Observe that x) 

jiij o tt', for all i,j G 1. By (l8^ and (l8^ . for all G 0!el ^ the condition 


B, 


7r5(l7/) = 7r|(&y), for all ij G 7, (84) 

is equivalenf fo 

Biji^){h) - = 0, for all z,; G I. (85) 

In particular, we have the following 

Proposition 6.6. (cf. Proposition 2, S^.) Let (P(B)^, be a regular locally cleft ex¬ 

tension such that the coalgebra C is flat as a 'K-module, and I = {1,2}. Then {P{B)^, (/z)zej) 
is a proper locally cleft extension. 

Proof We prove by contradiction. Suppose that K\ f {0}. Then there exists an 
element r &K\ such that f 0. Let {b\, bf) G then {bi + r, bf) G B and {bi + 
r, bf) i B*^ which, by the discussion preceding the above proposition, is impossible. 

□ 


Suppose that {P{B)^, is a proper and regular locally cleft extension. Let 


us define the family of gauge transformations 

Zij : C Bij, c ^ 7zy(c(i))(7jp~Hc(2))/ for all z,; G I. (86) 

The gauge transformations E/y, i,j G I satisfy fhe following conditions. For all 
z, j, k G I, c G C, 

Sifc) = e(c), Eji = (S^y)^^ (87) 

(C) ) (Sfcy(C(2)) ). (88) 


The first two of the above equalities are obvious, to prove the last one observe that, 
using <lzi, we obtain, for all z, j, k G I, 


7rf(S,-fc(c(i)))7rf^(Efcy(c(2))) =Tf(7|fc(c(i))(75c)^^(c(2)))T?^(7j;(c(3))(7fcy)^^(c(4))) 

= Tfcy(7z(C(i)))Tjfc(77Hc(2))) = Xkix){li{C{i)))x’i{lf^{C{2))) 

= Xk{l]j{Cil)){l’ijy'^{C(2))) = ^ki^ijic)). 

Suppose fhaf fhe ground ring K is a field and I = {1,2}. Lef {P{B)^, be 

a proper locally cleft C-coalgebra Galois extension. By Corollary 15.101 P(B)‘- is a 
C-coalgebra Galois extension if and only if 

ker(;^Ci ®b ;ti) n ker(;^C2 Xi) = (0). (89) 

We shall devofe the remainder of the present section to proving that, under not 
very restrictive assumptions, the above condition is always satisfied. 
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Lemma 6 . 7 . Let Mi, M2, M12 be K-vector spaces, let n\ : Mi —> M12, nl : M2 —> M12 
be surjective linear morphisms. Let M = {{m,n) G Mi©M 2 | 7 r 2 (m) = rcl^n)}, and 
denote the projections on the summands of the direct sum by tti : M ^ Mi, (m,n) 1—> m 
and 712 '- M ^ M2, {m, n) 1—> n. As K is afield, ker and ker are direct summands 

in Ml and M2 respectively, i.e.. Mi = Mi © ker( 7 r 2 ), M2 = M2 © ker( 7 r^),/or some 

subspaces Mi C Mi, i = 1 , 2 . Let 

{mi} be a basis of ker tt], {«;} be a basis of ker nf 

{fhi} be a basis of Mi, {ui} be a basis of M2. 

Suppose that f : Mi —M2 is a linear map such that, for all m G Mi, n\{m) = 
7 r^(/(m)). Then 

the family {( 0 , n,)} is a basis of ker rci, 
the family {(m;, 0 )} is a basis of ker 712, 
the family {{thi,f{mi))} is linearly independent. 

Moreover, denote M = Span{{(mi, firhi))}). Then M = M © ker(7ri) © ker(7r2). 

Remark. Observe that the map / in Lemma 16.71 is necessarily injective. Note 
furthermore that the restriction fi\ : Mi ^ M 12 (resp. ixf : M 2 —^ M 12 ) of the 
map n\ (resp. tt^) is an isomorphism, and, in particular, the map / = (^1)^^ o n\ : 
Ml —> M 2 satisfies the assumptions of the above lemma. Finally, the restriction 
^12 : M ^ Mi 2 of the map uf o m is an obvious linear isomorphism. 

Proof. Suppose that x G M fi (ker(7ri) + ker(7r2)). Then x = (m,0) + (0, n) = 
{m,n), for some elements m G ker(7r2), n G ker(7r^). On the other hand, x G 
Span({(m,,/(m,))}), hence X = E;= {Li‘>^mJiLi‘>^m))Jor some 
coefficients X; G K. Consequently, Y^iOCithi G ker(7r2). As Span({m,}) nker(7r2) = 
{0}, we have x = 0. 

Suppose that x G M. Then there exist unique coefficients ai,fi,ji,Si G K, such 
that 


X 


= E E + E 


Y^ai{mi,f{mi))+ (o,E7fc^fc-/ + E^/(^y0) + 


Observe that 


I YY^khk-f I 1 = I E^fc^fc I “ I = 0- 


Therefore there exist coefficients ^ K/ such that Eit Tk^k ~ /(Ef = Es f,s^s- 
It follows that M is spaimed by vectors of the form (m/, 0), (0, W;), (m/, /(m;)). Their 
linear independence is obvious. □ 
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Lemma 6 . 8 . Assume that the ground ring K is afield, and suppose that P{B)^ is a cleft 
C-coalgebra Galois extension. Let be a linear basis ofB and let {hi} be a linear basis 
ofC. Then 

{biT{hj)(^Bl{hk)} (90) 

is a linear basis ofP P. 

Proof. The map 

F:P®bP^P®C, p'^ Pp'(o)7^Hp'(i)) ® p'(2)/ (91) 

is a linear isomorphism (cf. Proposition 12.211 . such that, for all i,j, k, 

Pibilihj) 0B lih)) = baihj) ® hi,. (92) 

Vectors {bi^{hj) ® hi,} form a basis of P ® C. We conclude that the family (l90b is a 
basis of P ®bP- D 

Proposition 6.9. Suppose that the ground ring K is a field and that I = {1,2}. Let 
be a regular locally cleft C-coalgebra Galois extension. Assume that 

72 (C) ker( 7 r^) = ker(7r^)72(C). (93) 

Then P{B)^ is a C-coalgebra Galois extension. 

Remark. Note that if C is a Hopf algebra and P 2 = B 2 ® C, then one can choose 
72 : C —> P 2 , c I—^ 1 ® c, and then the condition (l93b is automatically satisfied. 

Proof. Suppose that Bi = Bi © ker( 7 r 2 ), B 2 = B 2 © ker( 7 rj) and 

(x/j is a basis of Bi, {y;} is a basis of B 2 , {P;} is a basis of C, 

{Xj} is a basis of ker zr], {yi} is a basis of ker n\. 

By Proposition 12.21 

Pi = Bi 7 i(C) ©ker( 7 r^) 7 i(C), P 2 = B 272 (C) © ker(7rf)72(C). 

Let Pi = Bi 7 i(C), P 2 = B 272 (C). By Proposition l6.61 (P(B)‘^, is a proper lo¬ 

cally cleft extension. Therefore ker ;\;2 = ker( 7 r 2 ) 7 i(C) andker;^i = ker(7ri)72(C). 
It follows that 

Pi = Pi © ker(;^^ 2 )/ P 2 = P 2 © ker(;^^i), (94) 

and then, 

{X; 7 i(Py)} is a basis of Pi, {y/ 72 (^ 7 )} is a basis of P 2 

{xi'yi{hj)} is a basis of ker{x. 2 )' {ViTiibj)} is a basis of ker(;\;i). 

For all i, let Xi denote the unique element of B 2 such that T[\{Xi) = Tc^{xi). Similar- 
ily, for all z, let hi (resp. gi) be the unique element of P 2 (resp Pi) with the property 
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= Xlik) (resp. Xiiliihi)) = xliSi))- Let us define the following ele¬ 
ments of P: 

X, = Kpi((x/,0)), ^ Yj = Kp^{{0,yj)), = Kp^((%Xfc)), 

Hs = Kp^((7i(lzs),hs)), Gt = Kp'^iighliiht))), 

for all i,], k,s,t. Note that condition (l9^ implies that 

SpandYyGf}) = SpandGtY}}). (97) 

Let us define B = Span({X|;.}), P = Span({XjtHs}). It follows immediately from 
Lemma 16.71 that 

B = B © ker(7ri) © ker(7r2), P = P © ker(;\;i) © ker(;\; 2 )/ (98) 

and 

{X;} is a basis of ker(7r2), {X^Hs} is a basis of 

{Yj} is a basis of ker(7ri), {YjGt} is a basis of 

{X]^} is a basis of B, {Xj^Hg} is a basis of 

Denote P ©g P = Span({XjtHs ©g Hf}). We claim that 

P ©g P = P ©g P © ker(;^^i ©g xi) © ker(;^^2 ©B Xi), (100) 

and _ _ 

{XfcHs ©g Ht} is a basis of P ©g P, 

{XjHs ©g Ht} is a basis of ker (;^2 ©b Xi), (101) 

{yyGs©gGt} isabasisof ker(;^i ©g;^i). 

First we prove that the above vectors span P ©g P. Denote (P ©g P)' = (Span of 
the vectors (llOlIl L By statements (l99t . it is obvious that the vectors 


1) 

X,Hs ©B XjHt, 

2 ) 

XiHg ©g YffiGt, 

3) 

X/Hg ©g Xj^Ht, 

4) 

YniGs ©B XjPff, 

5) 

YynGg ©g YfiGt, 

6) 

YynGg ©g X](Ht, 

7) 

XfcHg ©B XiHt, 

8) 

Xjt^Hg ©g YfiGt, 

9) 

XfcHg ©g X/Hf, 


for all i, j, k, I, m, n, s, t, span P ©g P. Moving B-factors from the right to the left leg 
in each of the above tensor products, and then using the list (|99)l, we obtain the 
following results. 

The tensor products of types 2) and 4) are simply equal to zero, as 
ker(;^^i)ker(7r2) = ker(;^^2) ker(7ri) = {0}. 

The tensor products of types 1), 3), 7) clearly belong to 

ker(;^2) ©B Span({Ht}) C Span({X;Hs ©g Ht}) C (P ©g P)'. 

The tensor products of types 5) and 8) clearly belong to 

ker(;^^i) ©g Span({Gt}) C Span({y,Gs ©g GJ) C (P ©g P)'. 


ker(^2), 

ker(^i), (99) 
P. 
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The tensor products of type 6) belong to 

ker(;^^i) Span({Hf}) = Span({yyGs}) (E)b Span({Ht}) 

= SpandGsY,}) Span({Hd) C Span({Gs}) ker^i) 

= Span({Gs}) (8 )b Span({yyGf}) 

C Span({yyGs (8 )b Gj}) ^ (P P)', 

where in the second equality we used eq. 

The tensor products of type 9) belong to 

P <S)B Span({Hf})Span({XjtHs ®b Ht}) © Span({X,Hs ©b Ht}) 

© Span({y,Gs ©B fft})- 

In the previous point, we have proven that the last direct summand in the above 
expression is also contained in (P ©b P)'. Therefore tensors of type 9) belong to 
(P ©B P)'- It follows that the tensors (llOlll span P ©b P. 

Suppose that the element z G ker(;\;i ©b Xi) ker (;\;2 ©B Xi)- As tensors (llOlIl 
span P ©B P, there exists a family of coefficients aigt, bjgt, c^^st ^ K, such that 

z = ^ UisiXiHg ©B Ht bjgtYjGs 0B Gf + ^ c^^st^kHs Gib Ht. (102) 

i,s,t j,s,t k,s,t 

Note that, for all z, j, k, s, 

XiiXi) = Xi, Xi{Yj) = 0 , Xi(^k) = Xk, XiiHs) = liihs), 

X2{yj) = Vj, X2 {Gs) = l2{hs). 

It follows that 

0 = ixi GbXi){z) = Y^aistXiXiihs) GBli{ht) + Y, CkstXk7i{hs) ©b7i(^z)- 

i,s,t k,s,t 

By Lemma IgHI this implies that ajgt = Ckst = 0, for all z, k, s, t. Then 

0 = {X2GbX2){z) = Y,bjstyjl2{hs)GBl2{ht). 

i,s,t 

It follows, by Lemma l6^ that bjst = 0, for all j,s, t, i.e., z = 0 and ker(;\;i ©b Xi) 
ker (;^2 ©b X 2 ) = {0}. By Corollary 15.101 P{B)‘^ is a G-coalgebra Galois extension. 
Note that we have also proven that the tensors (llOlll are linearly independent, and, 
consequently, they form a basis of P ©b P. □ 

7 Gluing cleft extensions 

The quantum geometry situation, which corresponds to the most usual setting for 
the classical method of constructing principal bundles by patching together trivial 
principal bundles, is as follows. We are given an algebra B, which has a complete 
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covering and a coalgebra C. For each of the quotient spaces B; = B/Ki, 

i G I (resp. Bij = B / {Ki + Kj), i,j G I), we construct a cleft C-coalgebra Galois 
extension Pf(B;)^. (resp. Pij{Bij)^..). Let us denote by tzi : B ^ Bi, tt' : B; — B/y, 
i,j G I, etc., the canonical surjections. Then we choose surjective algebra and right 
C-comodule morphisms 

(103) 

such that hj ^ h ^ B;, and we use them for gluing (cf. HUl 

^ = 0 Pi{iPi)iel e 0 I X){Pi) = x{{Pi)}- (104) 

x) 

If the coalgebra C is flat as a K-module then (ct. the discussion in Section lU P is 
naturally a right C-comodule. Then, for each n G 7, we define the algebra and right 
C-comodule map 

Xn • P ^ Pfi/ iPi)ieI ' ^ Pn- (105) 

If all the maps Xi> i ^ 1/ ^re surjective then (P(B)‘-, (kerXi)iei) is a proper locally 
cleft C-coalgebra Galois extension. Moreover, for all i G I, Pi ~ P/ker(;\;f). The 
following lemma gives necessary and sufficient conditions for the maps Xi^ i ^ L 
to be surjective. 

Lemma 7.1. Suppose that, for each i G I, the element l(o)7j^^(l(i)) G B, has a right 
inverse in Bi. The algebra and right C-comodule maps i\103l satisfy the condition x){^i) = 
Tct{hi),for all i,j G 1, hi G B,, if and only if there exists a family of convolution invertible 
maps (gauge transformations) Tl : C B/y, i,j G I, such that 

x){Pi) = ^)iPi{0)7f^iPi{i)))P)iPi{2))7ii{Pi{3))> (106) 

for all i,j G I, Pi G Pj. Furthermore, assume that the coalgebra C is flat as a K-module. 
Let I = {1,2,... ,N}, and suppose that either N < 3, or the algebra B and its complete 
covering {Ki)i^i satisfy the condition (cf. eq. d^). 

Pi (ker TTy^^-F ker ) = | Q ker/Ty^^ j -Kker/r^+y^, (107) 

i<y<^ \i<y<^ / 

for all 1 < k < N and 1 < i < k. Define gauge transformations 'Ey : C By, 
c ^ F'(cq))(Tj)^^(c( 2 )), i,j G I (cf. eq. d^). Then the maps dlOSD are surjective if and 
only if the condition (HIP is satisfied: 

^ki^iiic))nf{Eik{c^i)))n''/{Ekj{c^2)))- (108) 

Remark. It is clear that, while maps T', i,j G I, define surjections x)^ the space 
P = 0 ; Pi is fully defined by the maps Ey, i,j G I. Indeed, tor all i,j G I, pi G Pi, 

Pj G Py, the condition x){Pi) = x{iPj) is equivalent to 

^)iPi{0)7f'^{Pi(i)))^ijiPi{2)) ® Pz(3) = ^i{Pi{0)7f'^{Pj{i))) ® Pi{2)- (109) 
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Proof. Suppose that the algebra and right C-comodule maps (I103t satisfy the con¬ 
dition for all i,j G I, hi e B;. Then, for all p; G Pi, 

= ^]iPi{0)lf^{Pi{i)))x){li{Pi{2))hfj'^{Pi{3)hijiPi{4)))- 

Defining the maps r'(c) = x){ 7 i{<^{i))) 7 ij^{<^{ 2 ))'hj ^ f yields eg. (I106II . Conversely, 
let the maps (Iin3|l have the form (Iin6ll . Then, for all i,j G I, hi G B;, 

T;(&f)7r-(&f)7r;(l(0)7r^(l(i)))ry(l(2))7f;(l(3)) = ^jih)x)i'^) = 

Assume that the coalgebra C is flat as a K-module. We will check that the maps 
(1103b satisfy the assumptions of Proposition 14.21 which in turn will prove that the 
maps (ITOSb are surjective. 

Note that 

ker;\;' = ker(7ry)7;(C), for all i,j G I. (110) 

Indeed, by (|6|l, ^5 = ® C) o Oy,, which means that ker(;\;') = 0.^.^(ker(7ry (g) 

C)) = 0.^.^(ker(7ry) 0 C) = kev{TC^-)xi{C), where 7 -y = x) ° 7i> and the second equal¬ 
ity follows from the flatness of C. Observe that (condition (1211 of Proposition I4.2|l 

T;(ker^^) = ^{(ker^), for all i,i,k G I. (Ill) 

Indeed, for all i,j, k e 1, 7ry(ker nf) = n[ (ker 7r[), and then, as K-modules 7ry(ker nf) 
are ideals, for all c e C, 7r'(ker 7rj.)Ep(cq)) ® C( 2 ) ^ 7ry(ker tt^) 0 C = 7r-(ker 7r[) 0 
C. Consequently, 7ry(ker 7rj.)7k(C) C 7rj(ker 7r[)7k(C). Furthermore by (IllOb . rj fker rj 1 

7r'(ker 7rj.)7jy(C), hence it follows that, for all i,j,k G I, Ty(ker;\;^) C x{(keYX^f). 

For each i,j, k E 1, the map 

Wjfc : Pi/(ker{x)) + ker(^^)) ^ Biji, 0 C, 

Pi + ker{x)) + ^er{x[) ^ ^jkiPi{0)7f\pi{i))) ^ Pi{ 2 ), ( 112 ) 

is an isomorphism. Indeed, since kev{x^j) + ker{x]f) = ker(7ry^)7f(C), W-^ is well 
defined. It is also obviously surjective. Moreover, suppose that W-j^(p; -I- ker(;^p -|- 
ker(;\;j.)) = 0. This means that Oyfpf G ker(7ry^ (g) C) = ker(7ry^) ® C, hence p, G 
keY{x^.) + ker(;\;^). Note that, for all hi G B, and c E C, 

(g) C) = biXiic) -f ker(^p -f ker(^^). 

Suppose that the maps 

: Pj/{kerx{ + kerxi) Pf/(ker;t' + ker;^^^), i,j,k E I 
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are the isomorphisms (l23b , i.e., for all pj G Pj, 

‘PpiVi + ker(^j) + ker(^()) = pi + ker(^p + ker(^^), 

where pi is any element of P/ such that x){Vi) = X^iPj) (cf- Remark after Proposi- 
tion l4.2ll . For each i,j,k G I, let us define the isomorphisms 

It is easy to see that explicitly, for all bjjk G c e C, 

^ijibijk ® c) = ® C(2). (114) 

Clearly, the condition (l2^ is equivalent to 

^ik = ° ^]k' ^ ^ ( 115 ) 

and this in turn is, by eq. (I114|l . equivalent to the condition (I108II . 

Finally, in view of the flatness of C and the condition (I107II we obtain, for all 
1 <k < N and 1 < i < fc. 


n (ker^C'+^+ker^f+i) =0^/^^ p| 0^^^^(ker^^^+i + ker^f 

l<j<i 


fc+l^ 
i+1 ' 


n (k^"(4m) ® C) = 0^;^^ ker 0 ® C 


1<7<! 


d<;<! 


I 0 ^//+1 ® C = f| (ker 7r}+i + ker /rf+i) ® C 
P<i<i / / V<i<i 


n (ker 71^+1) ®C +kerx 


fc+i 

i+1 


P<i<i 


0 +ker^f 


f+i= f| ker(;c-+i)+ker(;cm). 
l<i<i 


P<i<i 


Thus all the assumptions of Proposition 14.21 are satisfied, and hence the maps dlOSIl 
are surjective. □ 


8 Example: The quantum lens spaces 

It was shown in IITSlI that by gluing two quantum discs. Dp and D^, one can obtain 
the quantum 2-sphere Sp^, and that the universal C* algebra of functions on Spq 
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is isomorphic to equatorial or latitudinal Podles spheres 1 1201 1. In |'9 | a quantum 
sphere was obtained, by gluing quantum solid tori (cf. Subsection 18.311 Dp x 
and Dq x S^, as an example of a locally trivial Lf(l)-quantum principal bundle with 
the base space It was also shown that is a principal Hopf- 

Galois extension. 

As an illustration of mefhods described earlier in this chapter, we will construct 
a locally cleft Hopf Galois extension of ^{Spq) by gluing fwo quantum solid tori 
ISubsection 18.311 Dp Xg and Dq Xg S^, obtaining this way quantum lens spaces 
charge /3, for all j6 G Z. As a special case, for j6 = 1, this gives the Heegaard 
quantum sphere (|I2|). 

Another example of a construction of quantum lens spaces by gluing two quan¬ 
tum solid tori of fype D xq can be found in IflTj . 

8.1 The quantum unit disc 

A fwo-paramefer family of quantum unit discs was defined in IfTSl . Here we con¬ 
sider the one parameter subfamily sfudied in II14I . We sfarf wifh a coordinafe *- 
algebra ^{Dp) generated by x and the relation 

— pxx* = 1 — p, 0<p<l. (116) 

The spectrum of xx* (in any C*-algebra completion) is 

cr{xx*) = {1-p” I n = 0,1,2,...} U {!}, (117) 

i.e. XX* < 1, where < is understood as an order relation between positive operators. 
This justifies the name 'unit disc'. Furthermore, this relation means also that ||x|| = 
1 in any C* completion of ^{Dp) (Theorem 2.1.1 lUSl l. 

Observe fhaf (1116b has the following useful symmefry. Lef x be the generator 
of i?(Dp-i), (where we consciously abuse the notation as p^^ > 1), i.e., 

X*_X- — p^^x_xl — 1 — p^^. 

Then assignment x x*_ can be extended to a ^-algebra isomorphism 

Kp : i?(Dp) ^ HD^-i). (118) 

The coordinate algebra ^{Dp) can be completed to the C*-algebra C{Dp) with 
the norm 

||fl|| = sup G J?(Dp), (119) 

<? 

where the supremum is taken over all bounded representations q : ^(Dp) —> B(7-f^) 
of ^(Dp) and || ■ ||^ denotes the operator norm in the representation p. The C* 
algebra C(Dp) is called a universal enveloping algebra of i?(Dp). Note that the norm 
(Tn^ is well defined because ||x||p = 1 for all p. 

Irreducible bounded represenfations of ^{Dp) are unitarily equivalenf fo one of 
the following represenfations. 
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1. For all 0 < ^ < 2/1, there is a one dimensional representation : ^{Dp) ^ C, 


Q^{x) = Q,p{x*) = e (120) 

2. There is also an infinitely dimensional representation Qoo '■ ^(Dp) B(7ioo), 
where Hoo is generated by orthonormal vectors n = 0, 1 , 2 , ..and 

()oo(x)Y„ = (?oo(x*)Y„+i = ^l-p«+iY„, poo(x’^)Yo = 0. 

( 121 ) 

The infinite dimensional representation poo is faithful. Nonfaithful representations 
correspond to subsets of quantum discs. In particular, one-dimensional represen¬ 
tations are also characters, that is, they correspond to the classical points of the 
quantum space. In the case of the quantum disc, one-dimensional representations 
describe the classical unit circle. 

Let us adopt notational convention x”” = (x*)”. It follows from (I116II that 
(1 — xx*)x = px(l — XX*), and, therefore. 


(1 - xx*)”x"' = p'”"x'”(l - XX*)”, n G N,m G Z. 
Moreover, it is easy to prove by induction that, for all n > 0, 


(x*)"x” = 1+ 


m=l 

n 


m{m—1) 


m{m+l) 


n 

m 


j p- 


m=\ 


n 

m 


(1 — XX*)' 


(1-xx*)'”, 


where we used the standard p-deformed binomial coefficients 

n 1 W"' 

m 


p [m]p\[n-m]p\ 

[n]p\ = [l]p[2]p ... [n - l]p[n]p for n G N, [0]p! = 1, 
[n]p = l + p + p^ + ... + p”^^ + p"^^ for n G N, [0]„ = 0. 


( 122 ) 

(123a) 

(123b) 


(124) 


Note that equation (I123b|l follows from (I123all by the application of the isomor¬ 
phism (IllSt . 

It is now obvious that, for all n, m G Z, 


x”x'” = x”''''”(l + Qjj;m(l — XX*)), (125) 

where is a polynomial of degree at most min{|m|, \n\} and such that (0) = 

0. For example, if m > n > 0, then x^”x'” = (x^”x”)x'”^”, and then use (llZ3a|l and 

dmj. 

As elements x”x"', n,m G Z obviously span ^{Dp) as a vector space, (I125t 
means that also elements of the form 


x”(l — XX*)'”, n e X, m e No, 


(126) 
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span i?(Dp). In fact, using the infinite dimensional representation M21\ one can 
prove that the above family forms a basis of ^(Dp). Indeed, suppose that 

00 00 

n=-com=0 

for some coefficients Amn £ C, only a finite number of which are different from 
zero. Therefore, for any k > 0, 

00 00 00 00 

n=-com=0 n=-oom=0 

oo k , - , - 

= E P"*( E + Ao„,Yt 

m=0 n=l 

+ Y ■■ • ^l-pfc+«Yfc+„.) 

As vectors Yjc are linearly independent and p < 1, 

00 

Y = 0 for all k>0, —k<n, 

m=0 

i.e., for each n G Z, the polynomial Y^m=o has an infinite number of distinct 

roots p^,k > Oiin > 0 or k > —n otherwise. This is possible only if Anm = 0 for all 
n G Z, m > 0. In addition, we have proven that the representation (I121II is faithful. 

8.2 The quantum torus 

Quantum torus was defined in l2Tll . The coordinate algebra of the quantum torus 
(p e [0,27r), is generated by unitary elements U, V which satisfy the follow¬ 
ing commutation relations 


uv = e^'^VU, UV* = e-^‘l’V*U. 

(127) 

Obviously, the elements 


n,meZ, 

(128) 


form a basis of i?(T^). The coordinate algebra ^{T^p) can be completed to the en¬ 
veloping C*-algebra C(r<^) using representations of t?(T^). The representation the¬ 
ory of depends on whether ^ is a rational or irrational multiple of 2tz. 

Suppose that (p = 27 t^, where M, N G N, M < N, and M and N are relatively 
prime. Then and are central in i?(T^), and we can classify irreducible rep¬ 
resentations of ^(T^) according to their eigenvalues. It turns out that irreducible 
representations oi'&{T(j,) include the ones isomorphic to one of the representations 
: ^{T(p) ix,fi e [ 0 , 2 / 1 ), where is spaimed by orthonormal 

vectors n G Z^, and 

( 129 ) 
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On the other hand, if (p is an irrational multiple of In, then irreducible represen¬ 
tations include the representations unitarily isomorphic to one of the Qa : ^(Tip) —> 
a E [0,27r), where is the closure of the linear span of the family of 
orthonormal vectors n E Zi, and 

= X±i- (130) 

Note, that the quantum torus is not a type I C*-algebra, therefore (cf. the dis¬ 
cussion at the end of the chapter 3 in |Tj) its irreducible representations carmot be 
explicitly listed. 

Representations (113011 are faithful. Representations (I129II are not faithful. How¬ 
ever, choose two sequences {oin)neK> il^n)neN^ such that Din,^m G [ 0 , 2 / 1 ), m,n G N 
and dn 7 ^ dm, fin l^m ^ ^ Then the representation 

m,neN m,«eN 

is faithful. Indeed, suppose that for some coefficients Amn G C, m, n G Z, a finitely 
many of which are different from zero, ^ninV^U^) = 0, i.e., 

for all k,l E Z and s E Z^, 

0 = e«*ft( 

m,neZ m,neZ 

Then, for all s G Zjv, m E {0,1,2,..., N — 1}, 

XI = 0 for all k,lEN. 

j,neZ 

This, by the argument on the number of distinct roots of a finite polynomial, im¬ 
plies that Amn = 0, for all m,n G Z. 

8.3 The quantum solid torus 

The quantum solid torus is an example of a cleft Hopf-Galois extension. 

Denote by h the unitary and central generator of the coordinate algebra of the 
unit circle J?(S^). 

Solid torus is the Cartesian product D x of the unit disc and the unit circle. 
Therefore, one can define a coordinate algebra of quantum torus as the tensor prod¬ 
uct j9(Dp) ® t?(S^) of the coordinate algebra of the quantum unit disc eq. (I116II and 
the coordinate algebra of the unit circle. One can introduce a further quantisation 
parameter by making the tensor product noncommutative, i.e., by requesting that 
the sub algebras ^(Dp) 0 1 and 1 ® i?(S^) do not mutually commute. We identify 
the generators x ®1 and l®h with x and h respectively. The coordinate algebra 
of the quantum solid torus d{Dp xq S^), 0<p<l, O<0< 2n, is generated as a 
*-algebra by x and h, subject to the relations 

hh* = 1 = h*h, x*x — pxx* = 1 — p, 

hx = e^^xh, hx* = e~^^x*h. (132) 
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( 133 ) 


The linear basis of i9(Dp xq S^) consists of the elements of the form 

(1 — xx*)^x'^h^, k G No, m,n e Z. 

Observe that there exists a surjective ^-algebra morphism 

TTa : I?(Dp Xg S^) ^ ^{Tg), ng{h) = U, 7lg{x) = V, (134) 

of the quantum solid torus onto the quantum torus (eq. M27V ). i.e., the quantum 
torus is the boundary of the quantum solid torus. 

Enveloping C*-algebra C{Dp xg S^) can be obtained from d{Dp xg S^) using 
C* representations. Irreducible representations of i9{Dp Xg S^) include those uni- 
tarily isomorphic either to the representation obtained by composing one of the 
irreducible representations of the quantum torus ^{Tg) with the map Tig as well 
one of the representations q^g : i^{Dp xg S^) B(7i“g), where H^g is generated 

by orthonormal vectors n G Nq, and 

Qlg{x)Yn = ^l-p«+lY„+i, q^gixn^n = H n > 0, 

(?;^e(x*)Yo = 0, Qlg{h^^)Yn = (135) 

If 9 is irrational then the representation (I135II is faithful. If 6 is rational, then for any 
sequence (a;„)„g]N, such that 0 < < 27r and Xi ^ Xj if i ^ j, for all z,;, n G N, the 

representation 

©«;V'»(DpX9S')^B(0W*p 

«eN weN 

is faithful. 

Denote by H = 9{U{1)) the coordinate algebra of Lt(l) and let u be the unitary 
generator of H. The algebra 9{Dp xg S^) is clearly a right H-comodule ^-algebra, 
with the coaction defined on the generators by 

|O^(x)=x0l, p^{h) —h®u. (136) 

It is easy to see that, 9{Dp xg S^)“^ = 9{Dp) and 9{Dp xg S^)(z?(Dp))^^ is a cleft 
H-Hopf Galois extension, where, for all n E Z, 

jT-H^9(DpXgS^), 

: H ^ 9iDpXgS^), ^h-^, (137) 

(138) 


are the cleaving map and its convolution inverse, respectively. 

8.4 Gluing of two quantum solid tori 

Let H = 9{U{1)) be the Hopf algebra generated by a unitary and group-like ele¬ 
ment u. 
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Let the deformation parameters p,cj ^ (0/1)/ 0,6', 6" G IR. We define Pi = 
0{Dp X 0 S^), P 2 = 0(D,j X 0 I S^) fSubsection 18.311 , P 12 = O{T 0 ii) f Sub section 18 ■2ll . A 
^-algebra Pi is generated by the elements x, h, which satisfy relations (I132II . and it is 
a right H-comodule algebra with the coaction defined by (I136II . The corresponding 
generators of P 2 , y and g, satisfy the relations 

gg* = '^ = g*gr y*y - yyy* = i - ^?/ 

gy = gy" = e-“‘'y’'g. ( 139 ) 

P 2 is a right H-comodule ^-algebra with the coaction defined on generators by 
P^iy) — y ® ig) — g®u. Finally, P 12 is a right H-comodule ^-algebra gen¬ 
erated by unitary elements H and V satisfying UV = e‘^ VU, with the right H- 
coaction defined by the relations p^{V) — V <^>1, p^iU) = U ®u. Note that Bi = 
pcoH ^ i?(Dp) (see Section ISHt , is generated as a *-algebraby x, B 2 = — 0{Dcj) 

is generated by y and B 12 = P 12 — is generated by V. Let the algebra surjec¬ 
tions tt] : Bi Bi 2 / TTj : B 2 —^ Bi 2 be defined on generators by 

nl{x) = V, nliy) = V. (140) 

We define cleaving maps by 

7 j‘^^(M”) = 72 ^(u”) =g^'^, 7 j*^^(M”) = H^", for all n G Z. (141) 

Then Pi(Bi)^^, P 2 {B 2 )l^^, Pi 2 {Bi 2 )y ^2 extensions. By Lemma iTdl in order 

to define gluing surjections (1103b . xi ■ ^ Pi 2 > Xi ■ P 2 ^ Pi 2 > we need to find 

appropriate convolution invertible maps T^, T^ : H ^ Bi 2 - To fix the notation, 
without losing the generality, we shall only consider T^. 

For all n G Z, F^(m”) and (F^)^^(m”) are Laurent polynomials in V such that 
F^(m”)(F^)^^(m”) = 1. By the standard argument about degree counting, this im¬ 
plies that 

(Ff)±i(M") = where y:Z^C\ {0}, v : Z ^ Z. (142) 

The map Xi must be algebraic, hence in paricular, 

7(y VyV) = x?(y’"y”)7(yV)- fo/ m, n,k,ie z. 

Substituting (I140II . (I141|l . (I142|l and (IIO 6 I 1 yields 

3:?(yVyV) = 3:?(e'”^^'y'”yV+') = e'"^^'y(n + i)v^+>^+Hn+i)un+i ^ 


and 

3:?(yV)3:i(yV) = y(n)^(/)z'”+^(")H”z^+^(bLi' 
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It follows that, for all n,l,k G Z, 

v{n + 1) = v{n) +v{l), (143) 

+ /) = ( 144 ) 

Condition (HU implies that, for all n G Z, v{n) = /3n, where j6 = v(l). Only left 
hand side of condition (I144II depends on k, therefore it can be satisfied for allk E Z 
only if 9' = 6 ". We assume this, and then we have the following recursive relation 

j4-{n + l) = for all n,/ E Z, (145) 

which has a family of solutions 

}i{n) = for all n eZ, (146) 

where a; G C \ {0}. It follows that, for all n eZ, r^(u”) = 

Similarly we prove that 6 must equal 9” and then, for all n E Z, T^iu^) = 

(a;')”e*^ ”, for some a;' G C \ {0} and E Z. In particular = 1, for 

all n E Z, is an admissible gauge transformation and, by the Remark after the 
Lemma EH we can assume just that without losing any generality Accordingly, 
the most general form of gluing maps for two quantum solid tori can be defined 
on the basis elements (cf. (rm i of respective solid tori as 

- xx*)'^x^h^) = 

3:?((i - yy*) V/) = (i47) 

for all m,n E Z,k E Nq. Note that xi is a ^-algebra map, and Xi is a ^-algebra map 
if I a; I = 1. Observe that the glued algebra P = 0 , Pi is a ^-algebra in a natural 

Aj 

way (i.e., with a ^-operation defined by starring the components of the direct sum) 
if and only if the maps x^j are ^-algebra morphisms. On the other hand, scaling of 
ghy a number of modulus one is an H-comodule ^-algebra isomorphism of P 2 - It 
follows that, if I a; I = 1, the parameter a can be absorbed, up to an isomorphism, 
by the redefinition g i—> x^^g. Accordingly, in what follows, we shall only consider 
the case a: = 1. 

Let us denote the generators of the algebra P^ = 9{Dp x_q S^) (resp. P 2 = 
9{D^ X-Q S^).P{2 = 9{T_g)) with the same symbols as the generators of Pi (resp. 
P 2 , Pi 2 )- We define, by the action on generators, the ^-algebra isomorphisms 

f]i : Pi ^ P^, X ^ X, h ^ h*, 

Pi, y^y, g^g\ 

V 12 ■■ P 12 Pi 2 ' V^V,U^W. (148) 

Clearly, for all m,n E Z,k E Nq, 

A = yi 2 03^2° nA ■ Pi ^ ^12' (i - xx*fx^h^ ^ 4 oR'”iJ”, 

X\ = V 12 o xl o V 2 ^ ■ P 2 ^ Pi 2 ' (1 - xx^fx'^h^ ^ (149) 
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Thus maps xi' Xi have the same form as maps (I147|l after substituting 0 i—»• — 0, 
/3 1 —^ —/3. Denote P = ©^/ P 2 ■ It follows that the map 

f] = r]i ® r]2 : P ^ P^ (150) 

is a =t:-algebra isomorphism. Consequently, without losing generality, in what fol¬ 
lows we shall confine ourselves to the case fi > 0. 

Using (I147|l and Lemma ICTl it is easy to see, that the vectors 

(15I) 

m,n G Z, k > 0, form a basis of P. 

Lemma 8.1. The elements 

^ = (1 — XX*,0), z = (x,y), a = (e"^ x^h,g), h = {e'^h^^ (152) 
of P generate P as a *-algebra. 

Proof. It is enough to show that the basis vectors (I151II are expressible in terms of 
elements fl^ . Observe that 


(0,1-yy*) = 1-zz*(153) 
It follows immediately that, for all k > 0, m,n G Z, 

((1 - xx*)^x'”li",0) = (154) 

and 

(0, (1 - yy*)V'”/) = (1 - zz* - (155) 

Furthermore, using equation (I125II . for all m,n G Z, 


= - (0,e-''^®^y'"”^"Q^._^„(l - yy*)/) 

= - zz* - ^)fl”. 

As ^ 2 ' {y^^gY, it follows that 

(^«,g-;/3ef y-/3n^n)(;j^g-f y-/3^)n _ 


□ 
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Lemma 8.2. The generators z, a,bofP satisfy the following relations. 


C = ^/ = pz^/ z*z - qzz* = 1 - q - ip - q)^, 

(l-zz*-^)^ = 0, 

^a = p^af,, f,h = b^, za = e^^^az, zb = e^^bz, 
za* - ffy*z = (p^ - l)^z^-^b, 
z*b - e-^%z* = (1 - qf^)z^-^{l - zz* - ^)a*, 
ab = e^^^ba, ab* = e^^^^b*a, 
ba = z^, 


a* a 


m=0 

n , mfm+1) 

aa* = j] (-l)'«p-P'«+^T-^ 

m=0 


m 


m 


r. 


r. 


■l—, o m(m—l) 

b*b= 

m=0 

O 

■£L n , m(m-\-l) 

bb* = ^ 

m=0 


m 


^-l 




m 


{i-zz*-^r. 


J q 


(156a) 

(156b) 

(156c) 

(156d) 

(156e) 

(156f) 

(156g) 

(156h) 

(156i) 

(156j) 

(156k) 


where 


n 

m 


are deformed binomial coefficients defined in (I124l > 
P 


Proof Easy if tedious proof is left to the reader. 


□ 


By the discussion in Section IH the algebra P is naturally an H-comodule *- 
algebra. The coaction : P —> P ® H is defined on generators by 


p^(^)=^®l, p^(z)=z®l, p^{a)=a^u, p^{b) = b^u (157) 

It is clear (cf. discussion around eq. (18^ 1 that P'^°^ = B = Bi ©^, Bz- It follows that 
pcoH j^g generated by the elements ^,z e P. 


8.5 Lens spaces of positive charge 

Let p,q ^ (0/1)/ ^ ^ [0,27r), f G No, and let be the quotient of a free 

^-algebra generated by the elements z, a, b, modulo the relations (I156II . We will 
call a coordinate algebra of functions on a quantum lens space of positive 

charge f. 

Consider the family 

{^kzMbn I p > 0, m,n G Z}, {(1 -zz* - ^)^z^a^ | P > 0, m,n G Z} (158) 
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of vectors in We will prove that it is a basis of First we need to 

prove several technical lemmas. Let 

A = ( Span of the family (1158b ). (159) 

Lemma 8.3. The elements 1^, z, z*, a, a*, b, b* belong to A. 

Proof. The assertion is obvious in the case of the elements 1^, z, z*, a, a*. Fur¬ 
thermore, 




b = b ^ aa* — ^ (—l)'”p 

m=l 




m 




= Z^fl* 


m=\ 


m 




where we used eq. (1156111 in the first equality, and eq. ( 156g|l in the second. Therefore 
b e A. Similarly, using eq. (I156hb and eq. (|156g|l, we obtain 


b* = ^ 

m=l 


m 


j p 


-1 


ff^b* e A. 


p,q,e._ 


Lemma 8.4. The following relations are satisfied in (?(Lp j. 

(1 - zz* - ^)z = qz{l - zz* - ^), 

(1 — zz* — ^)a = a{l — zz* — ^), 
(l-zz*-^)& = ^?^&(l-zz*-^), 

^ neZ.. 

Proof Using (I156ab yields 


□ 

(160a) 

(160b) 

(160c) 

(160d) 


(1 - zz* - ^)z = z - z(z*z) - pz^ 

= z - z(l - q{l - zz* - ^) - p^) - pz^ = qz{l - zz* - ^). 


Furthermore, 

(1 — zz* — ^)a = a — z{z*a) — p^af, = a — e‘^z{az* -t- (1 — p^)b*z^^^f) — p^af, 


= a- azz* - e^^\l - p^)zh*l - p^a^ 

= a — azz* — (1 — p^)abb*f, — p^af, = a{l — zz* — ^), 


where in the forth equality we used eq. ( |156g| |. Similar proof of the equation dlOOcb 
is left to the reader as an exercise. 

To prove the property (Il60db . we note that, by (I160cb . (|156jP and (Il56kb . 


= 1, for alln e Z. 


(161) 
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Therefore, for all n G Z, 

□ 

Lemma 8.5. The vector subspace A C (eq. il59h is closed under multiplication. 

Proof. It is enough to consider products of basis vectors (I158II . Observe that, by 
equations (I160all - (ll60cll . 

{^k^mbfi I e N, m,n G Z} ■ {{1 - zz* - | Z g N, s,t G Z} = {0}, 

and 

{{1 - zz* - fYzA^ I / G N, s,f G Z} ■ I G N, m,n G Z} = {0}. 

Note that zz* = 1 — (1 — zz* — ^) — ^, and, by (I156all . 

z*z^l-qil-zz*-f)-pf. 

It follows, using (I156ab . (I156bb and (I160ab . that, for all n,m e Z, 

Z”Z'” = (1 + Vn,mi^) + 2n,m(l “ ZZ* “ ^))z”+'”, (162a) 

where Vn,m and Qn,m are polynomials such that Vn,mi0) = Qn,m{0) = 0. Similarly 
by relations (Il56h|l - (ll56k|l . (I156cll and (Il6nbll - (ll6ncll . for all n, m G Z, 

= + (162b) 

= (1 + - zz* - ^))fc”+"', (162c) 

where polynomials Vn „i, Qn,m' satisfy V'n^^iO) = Qn,mi^) = 0- 
It follows that, for all m,n,s,t G Z and k, I G IN, 

G Span({^^z'”&” I G N, m, n G Z}) C (163) 
Using eq. (I16ndll yields, for all m, n, s, t G Z, Zc G N, 

{f^z^b^){zA^) = ff^^'-^f^z^b^z^z^^b~\ 

hence, by eq. (I163II , 

(^fczm^n)(zS^t) ^ Span({^^z'”&” I Z: G N,m,n G Z}) C A (164) 

Analogously, 


G Span({^^z'”&” I Z: G N, m, n G Z}) C A. (165) 
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In the remainder of the proof we need the following observation. For all m, n G Zi, 


^ ^imne^m^n ^ Span({^^z'«&" | ic G N, m, n G Z}). (166) 

We use induction on m,n G Z. The above formula is obviously true for m or n 
equal to zero. By eq. (I156ct and eq. (I156db , it is also true for m,n = ±1. For brevity 
write A' = Span({^^z"'&” | fc G N,m,n G Z}). Let k = ±1, kn > 0. Then, using 
equations (HSU, (dH, dSl), we obtain 

^im{n+k)6^n+k _|_ ^imnO gi^{n+k)6^n+k 

Similarly, for fc = ±1, fcm > 0, 

= (fl"z'”)z^ G +^'z^ C e™«®z'”(e'"^^zV +^') +^'z^ 

C ei{m+k)ne^m+k^n ^ ^/_ 

Using (I166II and then (1162b and (1160b , we obtain, for all m, n,s,t G Z, 

C e'”'^®(l + Q^,s(l - zz* - ^) + Vn,A^))z^^\l + + A' 

= + Qm^s(l - ZZ* - ^))z'”+®fl"+' + p"(^)z>n+s+fi(n+t)i,~(n+t) ^ c A. 

where V" is a polynomial such that V"(0) = 0, and in the last equality we used 
eq. (I160db and then eq. (I162ab . This shows that, for all m,n,s,t G Z and k,l G INq, 
((1 — zz* — ^)^z'”fl")((l — zz* — ^yz^A) G A which ends the proof. □ 

Proposition 8.6. Vectors il58t form a basis ofThe algebras and P = 

Pi ©^i Pi = (?(Dp xg S^) ©^,; xg S^) flrc mutually isomorphic. Here the maps Xi 
and Xi ak-e defined in eq. (11471 ) with a. = 1 and /3 > 0. 

Proof. Let the algebra maps Xi ■ —> Pi, i = 1,2, be defined on generators by 

ipe o _i 

Xiif) = l-xx*, xiiz) = X, xi{b)=e^h , 

T 2 (^) =0, Xiiz) =y, X 2 (a) =g, X 2 {b) =y^g^^- (167) 

By Lemmas 18.11 and 18.21 these maps are well defined, and by Lemma l8.11 the map 
T = Tl ©T 2 : (1(L^'^' ) —> P is surjective. Let w G ker;\;. By Lemmas 18.31 and 1831 
vectors (1158b span hence 

W= jy ykmnf^z^b^+ Y^visfl-zz*-fyzAf (168) 

m,n£'^ s,t£’Z. 

k>0 />0 
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for some coefficients }ikmn>'^ist ^ C, where m,n,s,t e Z, k > 0,1 >0. By assump¬ 
tion, Xii'^) = 0 and = 0 - It follows that 

0 = X2{w) = Y, - yy*)W- 

s,teZ 

l>0 

Since the elements (1 — yy*yy^gK I G Nq, s,t e Z, form a linear basis of P 2 , this 
implies that, for all I G Nq, s, f G Z, V/gf = 0 . But then 

0 = Xi{^) = Y - xx*)’^xV, 

m,n€Z 

k>0 

which implies that, for all G IN and m,n G Z, yjcmn^ 2 ” = 0 and so = 0- 
Hence w = 0 and therefore ker;^; = {0} and so x ■ —> P is a ^-algebra 

isomorphism. It follows that we can identify with P. We have also proven 

that vectors (I158II are linearly independent and hence they form a linear basis of 

Let us define a right H-coaction 0 H by (eq. 1157b . 

which makes x ■ —> P an H-comodule isomorphism. It follows, by the 

discussion after eq. (I157II . that B = is isomorphic to the quotient of a free 
algebra, generated by elements, z, by the relations (I156ab - (ll56bb . This, in turn, is 
the coordinate algebra on the quantum 2 -sphere Sp^ defined, by gluing two 

quantum discs Dp and Dq, in [I8J and ||T3|. □ 

8.6 The inverse of the canonical map on 

By Proposition 16.91 P(B)^ is an H-Hopf Galois extension. The translation maps on 
Pi and P 2 are given explicitly, by the formulae, for all n E Z, 

Ti : H ^ Pi 05 Pi, m” i-^ 05 tz”, 

T 2 : H ^ P 2 05 P 2 , ^ g-” 05 (169) 

By eq. (l4Tt . the translation map on P is given explictly as, for all n E Z, 

t:H^P 05 P, zz" ^ Kp^^p(Ti(zz”),T 2 (zz")), (170) 

i.e., for all n E Z, the element t(iz”) g P 05 P is uniquely determined by the 
property 

(Ti ®bTi)(t(w”)) = 0bIz”, (T 2 ®bT 2 )(t(iz")) =g^"05g”, (171) 

where maps Xlf X 2 were defined in (1167b . In order to find t(zz”), first note that, for 
all n E Z, 

(Ti«>bTi)(I’”®b&^”) (T 2 ®BT 2 )(fl^”®B«”) (172) 
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Then, for all n G Z, 


b-^ = a-^aV ®B b-^ + (1 - fl-V)&" ®b 

= fl-" ®B + (1 - ®B 

= ®B «” + ” ®B — 1) + (1 — ( 8 )b (173) 

Observe that, for all n G Z, 1 — G ker ;\;2 arid b^b^^ — 1 G ker;\;i, therefore 

the elements 

t(m") = ®B ®B fl”(l - b^b-^) 

(174) 

n E Z, satisfy conditions (I171II . and hence define the translation map on P. 

The above method of computation was inspired by the proof of Proposition 1 
in | 8 J. 


8.7 Representations of 

To find representations of i?(L^'^'^) we use the same method as was used in IIT^ . 

Let q : i?(L^'^'^) —» B(7-t) be any representation of as a subalgebra of the al¬ 

gebra of bounded operators B(Tt) on a Hilbert space H. Note that, by the relations 
(ICT. (IT56^ and (I156cll , the subspaces ker ( 3 (^) and ker (^(1 — zz* — ^) are invariant. 
For any pair of closed subspaces S C S' C H, let S^s' denote the closure of the or¬ 
thogonal complement of S in 5'. For brevity, we denote iS"*“ = In this section 
symbol '©' denotes the orthogonal direct sum of Hilbert spaces. Hilbert space H 
can be decomposed into a direct sum 

H = ker^(^) © (ker^(^))^ = (ker^(^) nker^(l -zz* -^)) 

© (ker ()(^) n ker ()(1 — zz* — ^))-^i"e''e(?) © (ker ()(^))"^. 

Suppose that Y G (ker ()(^))-^ is such that (?(1 — zz* — ^)Y ^ 0. Since (ker ()(^))-^ is 
an invariant subspace, we obtain, by the relation (I156bb . 

0 = ()(^(1 - zz* - ^))Y = - zz* - ^)Y ^ 0, 

which is a contradiction. It follows that (ker()(^))-*- C ker()(l — zz* — ^). For 
brevity, let us denote Hq = ker ()(^) n ker ^(1 — zz* — ^),H' = (ker ()(^) fi ker ()(1 — 
zz* — H" = (ker ^(^))-^. It follows that = ® Ft", and we have 

an orthogonal direct sum decomposition of the representation q into subrepresen¬ 
tations 

(?o : B(Fto), (?' : J?(LJ'‘^'®) ^ B(Ft'). q" ■ ^ B(Ft")- 

In the representation (^o, the relations (I156t are reduced to 

^o(^) = 0, qoib) = qo{z)bqo{a*), 

qo(z*)qo(z) = 1 = ^o(z)^o(z*)/ Qo(^*)QoM = 1 = ^o(fl)^o(fl*)/ 

^o(fl)^o(z^^) = e^'^qo(z^^)qo(a). 
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(175a) 

(175b) 

(175c) 








Similarly, in the representation q', the relations (I156t assume the form 

= 0, q!{^ = q\z)^q'{a*), 

q\z*)q'{z) - qq'{z)q'{z*) ^ 1 - q, q'{a*)q'{a) = 1 = q'{a)q'{a*), 
q'{a)q\z^^) = e^'^q'{z^^)q\a). 

Finally, the representation q" reduces the relations (I156|l to the form 


q'\^) = 1 - q''{z)q'\z*). q'\a) = )(?"(z)^ 

q”{znq'\z) - pq'\z)q'^{zn = 1 - p, (?"(&*)(?"(&) = 1 = (?"(&)(?"(&*), 


(176a) 

(176b) 

(176c) 


(177a) 

(177b) 

(177c) 


^From the representation theory of the quantum solid torus (Section |8]3l), it follows 
that irreducible representations of include the ones unitarily equivalent to 

one of the following representations. 

For all 0 < p < 2tz, there exists a representation : i?(L^''^'^) B(Ff|,), where 

has an orthonormal Hilbert basis n G No, such that, for all n G No, 


e;,( 2 )T'„ = e;( 2 *)T;, = if«> o, = o, 

q,m'„ = _,«+!... yi - 

, ^ , J 0 if n < |6, 

Qfi(^ )^M I otherwise. (178) 

Similarly, for all 0 < p < 271, there exists a representation q”^ : 

B(7-f”), where Ti" has an orthonormal Hilbert basis Y^, n G No, such that, for all 
n G No, 

e;;(2)Y" = Pi-p”+iyGi, e;(2')T'' = if«> 0, =o, 

e;(f)T" = p"yI 

0 if n < |6, 


)^w I w0 )— pn _ _ _ pn p+1y"_ ^ otherwise. 


(179) 


Finally, depending on whether deformation parameter 0 is a rational or irra¬ 
tional multiple of 27r, we have one of the following families of irreducible repre¬ 
sentations. 

Suppose that 6 = 2.71^, where M, N G Z, N >0, and M and N are relatively 
prime. Then, for all 0 < p,v < 271, there exists a representation qQ^ : j?(L^'^' ) — 
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B(7ig^), where ?{q^ has an orthonormal Hilbert basis Y„, n G and, for all 
n G Zj\f, 






z-)Y„ = e±^wY„±i, (3^‘'(^)Y„ =0, 


fiV . 




(180) 


If 6 is an irrational multiple of In, then, for any 0 < < 2n, we have a repre¬ 
sentation Qq : B(7-fg). The Hilbert space Tig has an orthonormal basis 

Y„, n G Z. For all n G Z, 


= e±^>±-^Y„, (?S(z±i)Y„ = Y„±i, (?|;(^)Y„ = 0, 

()|;(&)Y„ = ()S(&*)Y„ = (181) 


If 0 is irrational, then for any 0 < ^,v < 2n, the representation (B : 
^ B(7i|^ © 7Y") is faithful. 


8.8 Final remarks 

We conclude this section with a number of remarks about the structure of quan¬ 
tum lens spaces. We also comment on the fC-theory of quantum lens spaces. The 
detailed developments of the topics discussed here, can be considered as directions 
for future work. 

The relations (I156II defining i?(L^'^' ) assume a particularly simple form in the 
case j6 = 1. Namely, if /3 = 1, then z = ba, ^ = 1 — aa*, and the relations (1156b are 
reduced to 

a*a — paa* = 1 — p, b*b — qbb* ~ 1 — q, ab = e'^ba, ab* = e~^^b*a, 

{l-aa*){l-bb*) =0. (182) 

It follows that the quantum lens space of charge 1, , can be identified with the 

Heegaard quantum sphere considered in HJlj. 

For brevity, let us denote A = ^ g). Let us define a Z-gradmg on A with 

deg(fl) = 1, deg(fl*) = -1, deg(&) = -1, deg(&*) = 1, (183) 

and, for all n G Z, let A„ = {w G A | deg(w) = n}. For any j6 G N, define 
the subalgebra A(/3) = A^„. It can be shown that the ^-algebra map : 

^ A(/3), given on generators by 

= 1 - fp{z) = ba, fp{a) = ab, ff^{b) = e'^^^bb, (184) 

is a well defined ^-algebra isomorphism. 

In [2], it was demonstrated that C(Sp ^ g) is isomorphic as a C*-algebra to a fibre 
product of two C*-algebras isomorphic to quantum solid tori, and then the Mayer- 
Vietoris sequence was used to compute the K-theory of C{S^^g) using the K-theory 
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of quantum solid tori. We expect that this method can be adapted to compute the 
tC-theory of This is a direction tor future work. 
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